Identifying Causal Effects in Experiments with
Spillovers and Non-compliance∗†
Francis J. DiTraglia‡1 , Camilo Garcı́a-Jimeno2 , Rossa O’Keeffe-O’Donovan1 ,
and Alejandro Sánchez-Becerra3
1

Department of Economics, University of Oxford
2
Federal Reserve Bank of Chicago
3
Department of Quantitative Theory and Methods, Emory University
First Version: September 19, 2019

This Version: November 17, 2022

Abstract
This paper shows how to use a randomized saturation experimental design to identify and estimate causal effects in the presence of spillovers–one person’s treatment
may affect another’s outcome–and one-sided non-compliance–subjects can only be offered treatment, not compelled to take it up. Two distinct causal effects are of interest
in this setting: direct effects quantify how a person’s own treatment changes her outcome, while indirect effects quantify how her peers’ treatments change her outcome.
We consider the case in which spillovers occur within known groups, and take-up decisions are invariant to peers’ realized offers. In this setting we point identify the effects
of treatment-on-the-treated, both direct and indirect, in a flexible random coefficients
model that allows for heterogeneous treatment effects and endogenous selection into
treatment. We go on to propose a feasible estimator that is consistent and asymptotically normal as the number and size of groups increases. We apply our estimator to
data from a large-scale job placement services experiment, and find negative indirect
treatment effects on the likelihood of employment for those willing to take up the program. These negative spillovers are offset by positive direct treatment effects from own
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Introduction

Random saturation experiments provide a powerful tool for estimating causal effects in the
presence of spillovers—also known as interference—by generating exogenous variation in both
individuals’ own treatment offers and the fraction of their peers who are offered treatment
(Hudgens and Halloran, 2008). These two sources of variation allow researchers to study
both direct causal effects—the effect of Alice’s treatment on her own outcome—and indirect
causal effects—the effect of Bob’s treatment on Alice’s outcome. A complete understanding
of both direct and indirect effects is crucial for program evaluation in settings with spillovers.
When considering a national job placement program, for example, policymakers may worry
that the indirect effects of the program could completely offset the direct effects: in a slack
labor market, job placement could merely change who is employed without affecting the
overall employment rate (Crépon et al., 2013).
In this paper we provide methods that use data from a randomized saturation design to
identify and estimate direct and indirect causal effects in the presence of spillovers and onesided non-compliance. In real-world experiments non-compliance is the norm rather than
the exception. In their study of the French labor market, Crépon et al. (2013) found that
only 35% of workers offered job placement services took them up. Despite pervasive noncompliance in practice, most of the existing literature on randomized saturation designs either assumes perfect compliance—all subjects adhere to their experimentally-assigned treatment allocation—or identifies only intent-to-treat-effects—the effect of being offered treatment. Intent-to-treat effects are generally insufficient for policy analysis: comparing costs
and benefits requires an estimate of the average effect of treatment on those who experience
it. For this reason, we go beyond intent-to-treat effects. In particular, we use the randomized
saturation design as a source of instrumental variables to estimate treatment-on-the-treated
and treatment-on-the-untreated effects when subjects endogenously select into treatment on
the basis of their experimental offers.
In a world of homogeneous treatment effects, a simple instrumental variables (IV) regression using individual treatment offers and group saturations as instruments would identify
both direct and indirect effects. In most if not all real-world settings, however, treatment
effects vary across individuals. In the presence of heterogeneity, this “naı̈ve” IV approach
will not in general recover interpretable causal effects. To allow for realistic patterns of heterogeneity in a tractable framework, we study a flexible random coefficients model in which
causal effects may depend on an individual’s treatment take-up as well as that of her peers.1
1

As we discuss further below, the random coefficients model is not itself restrictive, but the flexibility of
the models that one can identify in practice is constrained by the design of the experiment. See Appendix
F for a detailed discussion of this point.
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Our approach relies on four key assumptions. First is partial interference: we assume that
each subject belongs to a single, known group and that spillovers occur only within groups.
This is reasonable in many experimental settings where, for example, groups correspond to
villages, and spillovers across them are negligible. Second is anonymous interactions: we
assume that individuals’ potential outcome functions depend on their peers’ treatment takeup only through the average take-up in their group. Under this assumption only the number
of treated neighbors matters, not their identities (Manski, 2013). In the absence of detailed
network data, the assumption of anonymous interactions is a natural starting point and is
likely to be reasonable in settings such as the labor market example described above. Third is
one-sided non-compliance: we assume that the only individuals who can take up treatment
are those to whom treatment was offered via the experimental design. One-sided noncompliance is relatively common in practice, for example when an “encouragement design”
is used to introduce a new program, product or technology that is otherwise unavailable (e.g.
Crépon et al., 2013; Miguel and Kremer, 2004).
We refer to our fourth key assumption as individualized offer response, or IOR for short.
IOR requires that each subject’s treatment take-up decision is invariant to the realized treatment offers made to her peers. While IOR is a strong assumption, it is a priori reasonable
in many contexts, for example in online settings where other subjects’ treatment offers are
unobserved by others (Anderson et al., 2014; Bond et al., 2012; Eckles et al., 2016) confidential (Yi et al., 2015), or observed with a delay. IOR limits but does not rule out strategic
behavior. For example, it holds when agents act strategically on their own beliefs about
others’ actions provided that they are unaware of their peers’ offers when making their own
take-up decisions. (Bhattacharya et al. (2021) call this an “incomplete information equilibrium.”) Most importantly, IOR has testable implications and we find no evidence against it
in our empirical example.2
When combined with one-sided non-compliance, IOR allows us to divide the population
into never-takers and compliers, two of the traditional LATE strata.3 Under the randomized
saturation design and a standard exclusion restriction, we show how to construct valid and
relevant instruments that identify the average causal effects of interest. The key to our
approach is a result showing that conditioning on group size n and the share of compliers c̄
in a group breaks any dependence between peers’ average take-up and an individual’s random
coefficients.4 Under the randomized saturation design, the share of Alice’s neighbors who
2

See Appendix G for details.
One-sided non-compliance rules out always-takers and defiers.
4
Our identification approach relates to a large literature on random coefficients models, e.g. Wooldridge
(2004), Masten and Torgovitsky (2016), and Graham and de Xavier Pinto (2022), and to the literature that
uses control functions to identify structural effects (Altonji and Matzkin, 2005; Imbens and Newey, 2009).
3
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are offered treatment is exogenous. Under IOR, their average take-up depends only on how
many of them are compliers and whether they are offered treatment. Thus, conditional on
n and c̄, any residual variation in the take-up of Alice’s neighbors comes solely from the
experimental design. Although group size is observed, the share of compliers in a given
group is not. In a large group, however, the rate of take-up among those offered treatment,
call it b
c, closely approximates c̄. Using this insight, we provide feasible estimators of direct
and indirect causal effects that are consistent and asymptotically normal in the limit as
group size grows at an appropriate rate relative to the number of groups. After constructing
the appropriate instruments, our estimators can be implemented as simple IV regressions
without the need for non-parametric estimation. In a series of simulations we demonstrate
that our estimator works well at reasonable sample sizes.
We apply our methods to experimental data from Crépon et al. (2013), a large-scale
randomized saturation experiment carried out across French labor markets that offered jobplacement services to young adults. In particular, we estimate direct and indirect treatment
effects of program take-up for compliers (the treated) and spillovers for never-takers (the
untreated). We find large negative indirect effects for compliers, a more vulnerable subpopulation than never-takers based on their observed characteristics at baseline. Take-up
of the program by these individuals, however, shields them from the negative spillovers
induced by the increased take-up of job-placement services by others in their city. The
never-taker sub-population, in contrast, is unaffected by such negative spillover effects. Our
results go beyond the intent-to-treat effects estimated by Crépon et al. (2013). Whereas they
estimate the spillovers from offering job placement services, we estimate the labor market
displacement effects of providing them. While we do not consider additional applications
here, we believe that the methods developed in this paper can be usefully applied in a variety
of other settings.5
This paper relates most closely to recent work by Kang and Imbens (2016) and Imai et al.
(2020), who also study randomized saturation experiments with social interactions under
non-compliance. Imai et al. (2020) identify a “complier average direct effect” (CADE), in
essence a Wald estimand calculated for all groups with the same share of offers (saturation).
While it is identified under a weaker condition than IOR, the CADE is a hybrid of direct
and indirect effects unless one is willing to impose IOR. Under IOR, the CADE quantifies
the effect of an individual’s own treatment take-up, given that her group has been assigned
a particular saturation. In contrast, the direct effects that we recover below quantify the
effect of an individual’s own treatment take-up given that a certain share of her neighbors
5

In Appendix I we discuss a number of recent studies with non-compliance that appear to satisfy the
assumptions and data requirements of our estimators.
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have taken up treatment. Kang and Imbens (2016) identify effects similar to those of Imai
et al. (2020) using an assumption they call “personalized encouragement,” the equivalent of
our IOR assumption. Both Kang and Imbens (2016) and Imai et al. (2020) identify welldefined effects while placing limited structure on the potential outcome functions. The cost
of this generality is that the effects they recover have a “reduced form” flavor, and are only
defined relative to the specific saturations used in the experiment. While our assumption
of anonymous interactions places more restrictions on the potential outcome functions, we
recover “fully structural” causal effects that are not specific to the design of the experiment.
In a recently and closely related paper, Vazquez-Bare (2021) uses instrumental variables
to identify spillovers without relying on a particular experimental design. Vazquez-Bare
(2021) focuses on settings with pairs of people, for example roommates or couples, and
considers spillovers both in outcomes and take-up. Under one-sided non-compliance and
a novel monotonicity restriction, he identifies two causal effects without invoking the IOR
assumption: a direct effect for compliers whose partner is untreated, and an indirect effect
for untreated individuals whose partner is a complier. This identification result does not
extend to groups of more than two people. In larger groups, Vazquez-Bare (2021) identifies
average potential outcomes under anonymous interactions without IOR, instead assuming
that individuals’ potential outcomes are independent of their peers’ compliance types. While
our results rely on IOR, we do not invoke his latter assumption because in many applied
settings a person’s potential outcomes may be related to the characteristics of her peers.
Our paper also relates to the applied literature that estimates spillover effects, including
“partial population” studies in which a subset of subjects in the treatment group are left
untreated and their outcomes are compared to those of subjects in a control group (Angelucci
and De Giorgi, 2009; Barrera-Osorio et al., 2011; Bobonis and Finan, 2009; Duflo and Saez,
2003; Haushofer and Shapiro, 2016). It also includes cluster-randomized trials where groups
are defined by a spatial radius within which spillovers may arise (Bobba and Gignoux, 2014;
Miguel and Kremer, 2004). In general, the applied literature focused on spillovers estimates
intent-to-treat (ITT) effects. Two notable exceptions are Crépon et al. (2013) and Akram
et al. (2018) who estimate effects that are similar in spirit to the CADE of Imai et al. (2020).
The remainder of the paper is organized as follows. Section 2 details our notation and
assumptions, section 3 presents our identification results, and section 4 provides consistent
and asymptotically normal estimators of the effects identified in section 3. In section 5 we
implement our estimator on data from a well-known labor market experiment, and discuss
our findings. In section 6 we present a brief simulation study illustrating the behavior of our
estimator. Section 7 concludes. Proofs and additional results appear in the appendix.
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Notation and Assumptions

We observe N individuals divided between G groups. We assume throughout the paper that
each group has at least two members so there is scope for spillovers. Let g = 1, . . . , G index
groups and i = 1, . . . , Ng index individuals within a given group g. Using this notation,
P
N = g Ng . For each individual (i, g) we observe a binary treatment offer Zig , an indicator
of treatment take-up Dig , and an outcome Yig . For each group g we observe a saturation
Sg ∈ [0, 1] that determines the fraction of individuals offered treatment in that group. A bold
letter indicates a vector and a g-subscript shows that this vector is restricted to members
of a particular group. For example Z is the N -vector of all treatment offers Zig while Z g is
the Ng -vector obtained by restricting Z to group g. Define D and D g analogously and let
S denote the G-vector of all Sg . At various points in our discussion we will need to refer to
the average value of a variable for everyone in a group besides person (i, g). As shorthand,
we refer to these other individuals as person (i, g)’s neighbors. To indicate such an average,
we use a bar along with an (i, g) subscript. For instance, D̄ig denotes the treatment take-up
rate in group g excluding (i, g), while Z̄ig is the analogous treatment offer rate:
D̄ig ≡

1 X
Djg ,
Ng − 1 j6=i

Z̄ig ≡

1 X
Zjg .
Ng − 1 j6=i

(1)

Under this definition, D̄ig and Z̄ig vary across individuals in the same group depending on
their values of Dig or Zig . For example in a group of eleven people, of whom five take up
treatment, D̄ig = 0.5 if Dig = 0 and 0.4 if Dig = 1. We now introduce our basic assumptions,
beginning with the experimental design.
Assumption 1 (Assignment of Saturations). Let S = {s1 , s2 , . . . , sJ } where sj ∈ [0, 1] for
all j. Saturations are assigned to groups completely at random from S such that a fixed
P
number mj of groups are assigned to saturation sj , and Jj=1 mj = G. In other words,

P(Sg = sj ) =

(

mj /G for j = 1, . . . , J
0
otherwise

Assumption 1 details the first stage of the randomized saturation design. In this stage,
each group g is assigned a saturation Sg drawn completely at random from a set S. In
the example from Figure 1, fifty groups (balls) are divided equally between five saturations
(urns), namely S = {0, 0.25, 0.5, 0.75, 1}. The saturation drawn in this first stage determines
the fraction of individuals in the group that will be offered treatment in the second stage.
Figure 1, for example, depicts a group of eight individuals that has been assigned to the
6
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Figure 1: Randomized Saturation Design. In the first stage groups (balls) are randomly assigned
to saturations (urns). In the second stage, individuals within a group are randomly assigned
treatment offers at the saturation selected in the first stage. The figure zooms in on a group of size
eight that has been assigned to a 25% saturation: two individuals are offered treatment.

25% saturation: two are offered treatment and six are not. For simplicity we assume that
treatment offers in the second stage follow a Bernoulli design, in which Sg determines the
probability of treatment rather than the number of treatment offers. With minor modifications, our results can be extended to a completely randomized design, in which the number
of treatment offers made to a given group is fixed conditional on the saturation.6
Assumption 2 (Bernoulli Offers).

P(Z g = z|Sg = s, Ng = n) =

n
Y

szi (1 − s)1−zi .

i=1

The randomized saturation design creates exogenous variation at the individual and group
levels. Within a group some individuals are offered while others are not. Between groups,
some have a large number of individuals offered treatment—a high saturation—while others
do not. Many randomized saturation experiments, like the illustration in Figure 1, feature
a 0% saturation or even a 100% saturation. We refer to 0% and 100% saturations as corner
6

For details see Appendix H.
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saturations to distinguish them from all other saturations, which we call interior. There is no
variation in treatment offers between individuals in a group assigned a corner saturation. For
this reason, as we discuss in subsection 3.3 below, the number of interior saturations in the
design will determine the flexibility with which we can model potential outcome functions.
Assumptions 1–2 concern the design of the experiment. Our remaining assumptions, in
contrast, concern the potential outcome and treatment functions. Without imposing any
restrictions, an individual’s potential outcome function Yig (·) could in principle depend on
the treatment take-up of all individuals in the sample. We denote this unrestricted potential
outcome function by Yig (D). Assumption 3 restricts Yig (·) to depend only on Dig and D̄ig
via a random coefficients model.
Assumption 3 (Random Coefficients Model). Let f (·) be a K-vector of known functions
fk : [0, 1] 7→ R, each of which satisfies supx∈[0,1] |fk (x)| < ∞. We assume that


Yig (D) = Yig (D g ) = Yig (Dig , D̄ig ) = f (D̄ig )0 (1 − Dig )θ ig + Dig ψ ig
where θ ig and ψ ig are K-dimensional random vectors that may be dependent on (Dig , D̄ig ).
The first equality in Assumption 3 is the so-called partial interference assumption, used
widely in the literature on spillover effects. This assumption states that there are no spillovers
between people in different groups: only the treatment take-up of individuals in group g
affects the potential outcome of person (i, g). The second equality in Assumption 3 states
that person (i, g)’s potential outcome is only affected by the treatment take-up the others
in her group through the aggregate D̄ig .7 This is effectively identical to the anonymous
interactions assumption from the network literature (Manski, 2013).8 While we maintain
this assumption throughout, section 7 discusses some potential ways of relaxing it.
The third equality in Assumption 3 posits a finite basis function expansion for the potential outcome functions Yig (0, D̄ig ) and Yig (1, D̄ig ), namely
Yig (0, D̄ig ) =

K
X

(k)
θig fk (D̄ig ),

Yig (1, D̄ig ) =

k=1

K
X

(k)

ψig fk (D̄ig )

k=1

7

Recall that D̄ig is defined to exclude person (i, g).
In particular, because our treatment is binary, assuming that D g only affects Yig through D̄ig is equivalent to assuming exchangeability: only the number of (i, g)’s neighbors who take up treatment matters for her
outcome; their identities are irrelevant. When researchers do not observe the social network within groups,
as in Crépon et al. (2013), exchangeability is a natural assumption.
8
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or, written more compactly in matrix form,
"

Yig = X0ig Big ,

#
1
Xig ≡
⊗ f (D̄ig ),
Dig

"

θ ig
Big ≡
ψ ig − θ ig

#
(2)

where the coefficient vectors θ ig and ψ ig , and hence Big , are allowed to vary arbitrarily
across groups and individuals. If, for example, person (i, g) has some prior knowledge of her
potential outcome function Yig (·, ·), her take-up decision may depend on θ ig and ψ ig . More
generally, the same unobserved characteristics that determine a person’s decision to take up
treatment could affect her potential outcomes. To account for these possibilities, we allow
arbitrary statistical dependence between (Dig , D̄ig ) and Big . Our assumption of a random
coefficients model is not in itself restrictive. In principle one could even consider adapting the
choice of K to the data at hand using non-parametric series methods. In practice, however,
the design of the randomized saturation experiment limits the number of basis functions
that can be used in practice. To satisfy the rank condition introduced below, K should not
exceed the number of saturations.9 For this reason, we treat K as fixed throughout.
Ideally, our goal would be to identify the average direct and indirect causal effects of
the binary treatment Dig . Under Assumption 3, we define these as follows, building on
the definitions of Hudgens and Halloran (2008). The direct treatment effect, DE, gives the
average effect of exogenously changing an individual’s own treatment Dig from 0 to 1 while
¯ namely
holding the share of her treated neighbors D̄ig fixed at d,




¯ ≡ E Yig (1, d)
¯ − Yig (0, d)
¯ = f (d)
¯ 0 E ψ − θ ig
DE(d)
ig

(3)

where the expectations are taken over all individuals in the population from which our
experimental subjects were drawn. Recall that D̄ig excludes person (i, g), ensuring that
¯ is well-defined. An indirect treatment effect, in contrast, gives the average effect
DE(d)
of exogenously increasing a person’s share of treated neighbors D̄ig from d¯ to d¯ + ∆ while
holding her own treatment Dig fixed at d, in other words,


¯ ∆) ≡ E Yig (d, d¯ + ∆) − Yig (d, d)
¯
IEd (d,

 
 
¯ 0 (1 − d)E [θ ig ] + dE ψ
= f (d¯ + ∆) − f (d)
ig

(4)

where ∆ is a positive increment. There are two indirect treatment effect functions, IE0 and
IE1 , corresponding to the two possible values at which we could hold Dig fixed: a spillover on
the untreated, and a spillover on the treated. Because the direct and indirect causal effects
9

See Appendix F for details.
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Yig

αig + βig

Yig (1, D̄ig )
γig + δig

αig

Yig (0, D̄ig )

γig
0

D̄ig

Figure 2: A hypothetical example of the linear potential outcomes model from (5). The slope
of the bottom line, γig , is the indirect marginal effect when untreated while that of the top line,
γig + δig , is the marginal indirect effect when treated. The distance between the two lines is the
direct treatment effect.

are fully determined by E[Big ] under Assumption 3, this is our object of interest below. For
example, if f (x)0 = [1 x] we obtain a linear model of the form
Yig = αig + βig Dig + γig D̄ig + δig Dig D̄ig .

(5)

¯ = E[βig ] + E[δig ]d¯ while the indirect effects are
In this case the direct effect is DE(d)
¯ ∆) = ∆ × E[γig ],
IE0 (d,

¯ ∆) = ∆ × E[γig + δig ].
IE1 (d,

¯ While all of our theoretical
Notice that in the linear model, IE0 and IE1 do not depend on d.
results apply to arbitrary random coefficients models, we focus on the linear model from (5)
in our empirical example and simulation study below.
Figure 2 presents a hypothetical example of (5) in a setting with employment displace¯
ment effects. Suppose that Yig is Alice’s probability of long-term employment. Both Yig (1, d)
¯ have a negative slope. This means that Alice’s probability of long-term emand Yig (0, d)
ployment decreases if more of her neighbors obtain job placement services. But since δig is
positive, the spillover is more harmful if Alice is untreated. Alice’s direct effect of treatment
¯ − Yig (0, d)
¯ is positive for all d¯ in this example and increases as d¯ does: job placement
Yig (1, d)
services are more valuable to Alice when more of her neighbors obtain them. By averaging
these effects for everyone in the population, we obtain IE0 , IE1 , and DE.
Under perfect compliance Dig would simply equal Zig , making both Dig and D̄ig ex-
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¯ could be used to recover all of the
ogenous. In this case a sample analogue of E[Yig (d, d)]
treatment effects discussed above, at least at values of d¯ that arise in the experimental design.
Unfortunately non-compliance is pervasive in real-world experiments, greatly complicating
the identification of causal effects. In a large-scale experiment carried out in France, for example, only 35% of unemployed workers offered job placement services took them up (Crépon
et al., 2013). Those who did take up treatment likely differ in myriad ways from those who
did not: they may, for example, be more conscientious. One way to to avoid this problem
of self-selection is to carry out an intent-to-treat (ITT) analysis, conditioning on Zig and Sg
rather than Dig and D̄ig . But with take-up rates as low as 35%, ITT estimates could be very
far from the causal effects of interest. In this paper we adopt a different approach. Following
the tradition in the local average treatment effect (LATE) literature, we provide conditions
under which direct and indirect causal effects–rather than ITT effects–can be identified for
well-defined sub-populations of individuals. We focus on the case of one-sided noncompliance, in which only those offered treatment can take it up. One-sided non-compliance is
common in practice and simplifies the analysis.10
Assumption 4 (One-sided Non-compliance). If Zig = 0 then Dig = 0.
To account for endogenous treatment take-up, we define potential treatment functions
Dig (·). In principle these could depend on the treatment offers of every individual, Z in the
experiment. The following assumption restricts Dig (·) to permit identification of the direct
and indirect causal effects described above.
Assumption 5 (IOR). Dig (Z) = Dig (Z g ) = Dig (Zig , Z̄ig ) = Dig (Zig ).
The first equality of Assumption 5 is a partial interference assumption: it requires that
person (i, g)’s take-up decision is invariant to the realized treatment offers made to people
in different groups. The second equality of Assumption 5 states that person (i, g)’s take-up
decision depends on the realized treatment offers of others in her group only through the
fraction Z̄ig of treatment offers made to the others in her group. These first two equalities
are not in general sufficient to point identify direct and indirect causal effects. The third
equality, which we call individualistic offer response or IOR for short, imposes the further
restriction that each person’s take-up decision is invariant to the realized offers made to her
peers. Assumptions analogous or equivalent to IOR have appeared in the existing literature.
Kang and Imbens (2016), for example, employ an assumption equivalent to IOR, which they
call “personalized encouragement.” While Imai et al. (2020) derive their “complier average
direct effect (CADE)” under a weaker condition, this effect is a hybrid of direct and indirect
effects unless one is willing to impose IOR.
10

We suggest an avenue for extending our results to two-sided non-compliance in section 7.
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IOR is a reasonable assumption in some but not all applications. In settings where
participants observe neither the saturation assigned to their group nor the treatment offers
made to their neighbors, for example, IOR clearly holds. IOR restricts but does not rule out
strategic take-up. For example, it also holds when agents act strategically on their beliefs
about others’ actions, provided that they are unaware of their peers’ offers when making their
own take-up decisions. In the introduction we list a number of recent randomized saturation
experiments in which we consider IOR to be a reasonable assumption. Moreover, as we
discuss further in Appendix G, IOR has testable implications in a randomized saturation
experiment. If the take-up rate among individuals who are offered treatment varies with
saturation, this indicates a violation of IOR.
Under IOR and one-sided non-compliance (Assumptions 4 and 5), we can divide individuals into never-takers and compliers, two of the principal strata from the LATE literature.
Never-takers are defined as those for whom Dig (0) = Dig (1) = 0, while compliers are those
for whom Dig (z) = z for all z.11 Defining Cig to be the indicator that person (i, g) is a
complier, Assumptions 4–5 imply that
Dig = Cig Zig ,

D̄ig =

1 X
Cjg Zjg .
Ng − 1 j6=i

(6)

By analogy to Z̄ig and D̄ig , we define C̄ig to be the share of compliers among person (i, g)’s
neighbors in group g, namely
1 X
C̄ig =
Cjg .
(7)
Ng − 1 j6=i

|=

|=

|=

Note that C̄ig varies across individuals in the same group, depending on their values of Cig .
Finally, let C g denote the vector of Cig for all individuals in group g.
Our final assumption is an exclusion restriction for the treatment offers Z g and saturation
Sg . To state it we require two additional pieces of notation. First, let Bg denote the vector
that stacks Big for all individuals in group g. Second, following Dawid (1979), let “ ” denote
(conditional) independence so that X Y indicates that X is statistically independent of Y
while X Y |Z indicates that X is conditionally independent of Y given Z. Using this
notation, the exclusion restriction is as follows.

(ii) Z g
11

(C g , Bg , Ng )

|=

(i) Sg

|=

Assumption 6 (Exclusion Restriction).

(C g , Bg )|(Sg , Ng )

Under one-sided non-compliance, Assumption 4, there are no always-takers.
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Intuitively, Assumption 6 states that (C g , Bg , Ng ) are “predetermined” with respect to
the treatment offers and saturations. In a traditional LATE setting, its counterparts are the
“unconfounded type” assumption and the independence of potential outcomes and treatment
offers. Assumption 6 could be violated in a number of ways. If, for example, individuals
chose their group membership based on knowledge of their group’s saturation, Ng would not
be independent of Sg . Similarly, if some individuals decided to comply with their treatment
offers only because their group was assigned a high saturation, C g would not be independent of Sg . This latter possibility illustrates that Assumption 6 partially embeds IOR by
ruling out “selection into compliance.” As discussed in Appendix G, it also yields testable
implications of the IOR assumption. More prosaically, Assumption 6 would be violated if
either Sg or Zig had a direct effect on the random coefficients Bg . Notice that part (ii) of
Assumption 6 conditions on (Sg , Ng ). This is because the second stage of the randomized
saturation experiment assigns Z g conditional on this information: see Assumption 2.

3
3.1

Identification
Conditioning on the Share of Compliers

Under Assumption 3, the functional form of the random coefficients model is known. So
why not simply use (Zig , Sg ) as instrumental variables for Dig and f (D̄ig )? As shown in a
number of papers from the literature on random coefficients models (Heckman and Vytlacil,
1998; Wooldridge, 1997, 2003, 2016), two-stage least squares identifies average effects when
the causal effect of the instruments on the endogenous regressors is homogeneous. In our
setting, however, this result does not apply because the conditional distribution of D̄ig given
Sg varies with (C̄ig , Ng ), as the following lemma shows.
Lemma 1. Let c̄ be a value in [0, 1] such that (n − 1)c̄ is a non-negative integer. Under
Assumptions 1–2 and 4–6 and conditional on (Ng = n, Sg = s, C g = c, C̄ig = c̄, Zig = z),
(n − 1)D̄ig follows a Binomial ((n − 1)c̄, s) distribution.
Intuitively, the problem presented by Lemma 1 is as follows. Although Sg is randomly
assigned, the variation that it induces in D̄ig is mediated by the share of compliers C̄ig .
Accordingly if C̄ig —a source of first-stage heterogeneity—is correlated with the random
coefficients in the second stage, the IV estimator will not identify the effects of interest. To
make this problem more concrete, consider the linear potential outcomes model from (5) and
let ϑIV be the IV estimand using instruments (1, Zig , Sg , Zig Sg ). Throughout, we will refer
to it as the “naı̈ve IV”. In this example ϑIV takes a particularly simple form, as shown in
the following lemma.
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Lemma 2. Let ϑIV be the IV estimand from a regression of Yig on Xig ≡ (1, Dig , D̄ig , Dig D̄ig )0
with instruments Z ig ≡ (1, Zig , Sg , Zig Sg )0 , namely
h

ϑIV ≡ αIV βIV γIV δIV

i0


−1
= E Z ig X0ig
E [Z ig Yig ] .

assuming that E[Z ig X0ig ] is invertible. Then, under (5) and Assumptions 1–2 and 4–6,
αIV = E [αig ]
γIV = E [γig ] +

βIV = E [βig |Cig = 1]
Cov(C̄ig , γig )
E(C̄ig )

δIV = E [δig |Cig = 1] +

Cov(C̄ig , δig |Cig = 1)
.
E(C̄ig |Cig = 1)

As we see from Lemma 2, IV identifies the population average of αig , along with the
population average of βig for the subset of individuals who select into treatment. Neither
of these, however, is itself a causal effect. In general, IV recovers neither direct nor indirect
causal effects for any well-defined group of individuals. Specializing (4) to the linear model
¯ ∆) = E[γig ]∆. In other words, E[γig ] is an average spillover. Lemma 2
from (5) gives IE0 (d,
shows that IV fails to identify this quantity unless the individual-specific spillovers γig are
uncorrelated with the share of compliers C̄ig . This condition could easily fail in practice. In
the labor market example from the introduction, cities with a particularly depressed labor
market might be expected to contain a large share of compliers. If negative spillovers are
more intense in such cities, IV will not recover the average indirect effect. A similar problem
hampers the interpretation of δIV . Under (5) the average direct effect for compliers, as a
¯ is given by E[βig |Cig = 1] + E[δig |Cig = 1]d.
¯ While IV identifies the intercept
function of d,
of this function, it only identifies the slope if δig is uncorrelated with C̄ig for compliers.
As this example illustrates, identifying direct and indirect causal effects requires us to
correct for possible dependence between individual-specific coefficients and group-level takeup that arises from the first-stage relationship in Lemma 1. The key to our approach, as
shown in the following theorem, is to condition on C̄ig and Ng .
|=

Theorem 1. Under Assumptions 1–2 and 4–6, (Sg , Zig , D̄ig ) (Big , Cig )|(C̄ig , Ng ).
Theorem 1 implies that conditioning on (C̄ig , Ng ) is sufficient to break any dependence
between f (D̄ig ) and (Big , Cig ) that may be present. The intuition for this result is as follows.
Conditional on C̄ig and Ng , we know precisely how many of (i, g)’s neighbors are compliers. Given this information, IOR implies that all remaining variation in D̄ig is arises solely
from experimental variation in the saturation Sg assigned to different groups, and the share
of compliers offered treatment across groups assigned the same saturation. So long as Zig
and Sg do not affect (Big , Cg ), Assumption 6, it follows that (Zig , D̄ig , Sg ) are exogenous
14

given (C̄ig , Ng ), even when individuals decide whether or not to take up treatment based
on knowledge of their potential outcome functions. In effect, our identification approach
is a combination of instrumental variables and control function methods. First (C̄ig , Ng )
serves as a control function for the endogenous regressor D̄ig , similar to Masten and Torgovitsky (2016). Second, Zig serves as an instrument for Dig , because this regressor remains
endogenous even conditional on (C̄ig , Ng ).

3.2

An Inverse-Weighting Instrumental Variables Approach

Before stating our identification results, we require some additional notation and one further
assumption. Define the vector Wig and matrix-valued functions Q, Q0 , Q1 as follows:
h
i0


0
Q(c̄, n) ≡ E Wig Wig
|C̄ig = c̄, Ng = n , Wig ≡ 1 Zig ⊗ f (D̄ig )


Q0 (c̄, n) ≡ E (1 − Zig )f (D̄ig )f (D̄ig )0 |C̄ig = c̄, Ng = n


Q1 (c̄, n) ≡ E Zig f (D̄ig )f (D̄ig )0 |C̄ig = c̄, Ng = n .

(8)
(9)
(10)

These functions depend only on the distribution of D̄ig |(Zig , C̄ig , Ng ), which can be calculated
from Lemma 1, and the distribution of Zig |(C̄ig , Ng ), which coincides with its unconditional
distribution by Lemma A.2. As such, under our assumptions Q, Q0 , Q1 are completely determined by the design of the randomized saturation experiment. We can always calculate
them by simulating the experimental design. Depending on the choice of f , analytical expressions may also be available, as shown in subsection 3.3 for the linear potential outcomes
model from (5).
We use Q, Q0 , Q1 to construct valid instrumental variables by inverse-weighting. Rather
than using the randomly assigned saturation Sg as a source of instruments for f (D̄ig ) we transform the endogenous regressors Wig into a set of exogenous instruments using Q0 (C̄ig , Ng )−1
and Q1 (C̄ig , Ng )−1 , in particular
−1
ZW
ig ≡ Q(C̄ig , Ng ) Wig

(11)

Z 0ig ≡ Q0 (C̄ig , Ng )−1 f (D̄ig )

(12)

Z 1ig ≡ Q1 (C̄ig , Ng )−1 f (D̄ig ).

(13)

Constructing these instruments requires us to evaluate Q0 and Q1 at (C̄ig , Ng ).12 The group
size Ng is observed, while the share of compliers C̄ig is not. In large groups, C̄ig can be
precisely estimated by calculating the rate of treatment take-up among the neighbors of (i, g)
12

The function Q can be constructed from Q0 and Q1 , as shown in Equation 14.
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who are offered treatment. We formally establish the rates of convergence of IV estimators
that plug-in a proxy for C̄ig in Section 4. For the remainder of this section, however, we
consider identification conditional on knowledge of C̄ig .
0
1
To understand the intuition behind Z W
ig , Z ig , and Z ig , consider the linear potential
outcomes example from (5) above. Here we have f (x) = (1, x)0 and thus

using the fact that Zig

|=

Qz (C̄ig , Ng ) = P(Zig = z)E

"

1 D̄ig
2
D̄ig D̄ig

!

#
C̄ig , Ng , Zig = z ,

z ∈ {0, 1}

(C̄ig , Ng ) by Lemma A.2. It follows after a few steps of algebra that


E(D̄ig2 |C̄ig , Ng , Zig = z) − D̄ig E(D̄ig |C̄ig , Ng , Zig = z)



Var(D̄ig |C̄ig , Ng , Zig = z)




.






−1
Qz (C̄ig , Ng ) f (D̄ig ) =

P(Zig = z) 

1

D̄ig − E(D̄ig |C̄ig , Ng , Zig = z)
Var(D̄ig |C̄ig , Ng , Zig = z)

While D̄ig is endogenous, the scaled difference between D̄ig and its conditional expectation is
a valid instrument under the linear potential outcomes model. Intuitively, this transformation adjusts for the first-stage heterogeneity discussed in subsection 3.1: after controlling for
differences in (C̄ig , Ng ), the remaining variation in D̄ig arises only from the experimentally–
assigned saturations. Thus, rather than using Sg as an instrument directly, we use it indirectly to generate variation in D̄ig given (C̄ig , Ng ). The final ingredient that we require is a
rank condition.
Assumption 7 (Rank Condition).
(i) 0 < E(Cig ) < 1
(ii) Q(c̄, n) is invertible at every point (c̄, n) in the support of (C̄ig , Ng ).
Part (i) of Assumption 7 asserts that the population contains at least some never-takers,
E(Cig ) < 1, and at least some compliers, E(Cig ) > 0.13 Part (ii) requires that the matrixvalued function Q defined in (8) is full rank when evaluated at any share of compliers c̄ and
group size n that occur in the population. Assumption 7 does not explicitly restrict Q0 or
Note that this condition applies to the entire experiment rather than any particular group. If E(Cig ) = 1,
then there is perfect compliance in every group and no need for our methods. If E(Cig ) = 0, then no one in
any group takes the treatment so it is impossible to identify treatment effects.
13
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Q1 . By the linearity of conditional expectation, however,
"

Q0 (c̄, n) + Q1 (c̄, n) Q1 (c̄, n)
Q(c̄, n) =
Q1 (c̄, n)
Q1 (c̄, n)

#
(14)

so Assumption 7(ii) could equivalently be stated in terms of Q0 and Q1 .
Lemma 3. Q(c̄, n) is invertible iff Q0 (c̄, n) and Q1 (c̄, n) are both invertible, in which case
"

Q(c̄, n)

−1

#
Q0 (c̄, n)−1
−Q0 (c̄, n)−1
=
.
−Q0 (c̄, n)−1 Q0 (c̄, n)−1 + Q1 (c̄, n)−1

We discuss low-level conditions for the invertibility of (Q0 , Q1 ), and hence Q, below in
subsection 3.3 and Appendix F. As a preview: researchers should not include more basis
functions K than there are saturations in the experimental design. Having assumed the
necessary rank condition, we can now state our main identification results. The following
theorem shows how Q0 (C̄ig , Ng ) and Q1 (C̄ig , Ng ) can be used to construct instrumental
variables that identify average values of the random coefficients for well-defined groups of
individuals.

|=

0
1
Theorem 2. Let Z W
ig , Z ig , and Z ig be as defined in (11)–(13). Then, under Assumptions
3–5 and 7 and assuming that (Zig , D̄ig ) (Big , Cig )|(C̄ig , Ng ), we have
"
#




E(θig )
0 −1
(i)
= E ZW
E ZW
ig Xig
ig Yig ,
E(ψ ig − θig |Cig = 1)

h
i





0 −1
(ii) E ψ ig |Cig = 1 = E Z 1ig Dig f (D̄ig )
E Z 1ig {Dig Yig }
h
i



0 −1
(iii) E [θ ig |Cig = 0] = E Z 1ig Zig (1 − Dig )f (D̄ig )
E Z 1ig {Zig (1 − Dig )Yig } , and
h
i



0 −1
E Z 0ig {(1 − Zig )Yig } .
(iv) E [θ ig ] = E Z 0ig (1 − Zig )f (D̄ig )
The first part of Theorem 2 identifies the average effects that the naı̈ve IV approach from
Lemma 2 in general fails to. Parts (ii) and (iii) use a similar approach to obtain moment
equations for the average value of ψ ig for compliers and θ ig for never-takers. Given part (i),
part (iv) is technically redundant, but it is convenient to have an expression for E(θ ig ) in
isolation. As discussed below in Section 3.3, having sufficient variation in the saturations is
crucial for part (ii) of Assumption 7.
Notice that Theorem 2 does not explicitly invoke the randomized saturation design, Assumptions 1–2, or the exclusion restriction, Assumption 6. Using this result for identification,
17
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however, requires us to satisfy (Zig , D̄ig ) (Big , Cig )|(C̄ig , Ng ). As shown in Theorem 1 above,
the randomized saturation design and exclusion restriction are sufficient for this condition to
hold under one-sided non-compliance and IOR, Assumptions 4 and 5. The following result
catalogues the full set of causal effects that are identified under our assumptions.
Theorem 3. Given knowledge of C̄ig the following are identified under Assumptions 1–7:
¯ ∆) ≡ E[Yig (0, d¯ + ∆) − Yig (0, d)],
¯
(i) IE0 (d,


¯ ig = 1) ≡ E Yig (1, d)
¯ − Yig (0, d)|D
¯ ig = 1 ,
(ii) DE1 (d|D
¯ ∆|Dig = 1) ≡ E[Yig (0, d¯ + ∆) − Yig (0, d)|D
¯ ig = 1],
(iii) IE0 (d,
¯ ∆|Dig = 1) ≡ E[Yig (1, d¯ + ∆) − Yig (1, d)|D
¯ ig = 1],
(iv) IE1 (d,
¯ ∆|Dig = 0) ≡ E[Yig (0, d¯ + ∆) − Yig (0, d)|D
¯ ig = 0],
(v) IE0 (d,
Part (i) of Theorem 3 is a population average indirect treatment effect, as defined in (4)
above. It measures the causal impact of increasing the treatment take-up rate among Alice’s
neighbors from d¯ to (d¯+ ∆) when Alice’s own treatment is held fixed at zero. In the Crépon
et al. (2013) experiment discussed in our empirical example below, this corresponds to the
average labor market displacement effect. Whereas part (i) is an average treatment effect,
parts (ii)–(iv) are the effects of treatment-on-the-treated.14 Part (ii) gives the direct effect
¯ while
of treating Alice while holding the treatment take-up rate of her neighbors fixed at d,
(iii) and (iv) give the indirect effect of increasing her neighbors’ treatment take-up from d¯
to d¯ + ∆ while holding Alice’s treatment fixed at either zero, part (iii), or one, part (iv).
Part (v) is a treatment-on-the-untreated version of Equation 4: it gives the indirect effect for
never-takers, holding their treatment fixed at zero. While we identify the full set of direct
and indirect effects for the treated sub-population, we only identify a subset of these effects
for other groups. By definition, never-takers cannot be observed with Dig = 1. As such, we
cannot identify direct treatment effects for this group or indirect treatment effects when Dig
is held fixed at one. This in turn implies that we cannot identify the average direct effect
¯ or the average indirect effect when Dig is held fixed
for the population as a whole, DE(d),
¯ ∆).
at one, IE1 (d,
The treatment effects identified in Theorem 3 provide information that should be of interest to policymakers who are concerned about the distributional consequences of policies
that may generate spillovers. For example, comparing IE0 to IE1 allows policymakers to
determine whether the treated mainly create spillovers on the untreated, or whether they
14

Because this is a setting with one-sided non-compliance, any participant with Dig = 1 must be a complier.
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create spillovers on each other. Similarly, DE1 gives the average effect of program participation for those who are willing to participate, allowing policymakers to determine whether
the treatment is on net beneficial to those who receive it. Intent-to-treat effects alone do not
provide this information.

3.3

Identification in Practice

Given that Q0 and Q1 are completely determined by the experimental design, we can directly
check part (ii) of Assumption 7 for any choice of basis functions f and probability distribution
over saturations. Consider again the linear potential outcomes model from (5). In this
example f (x) = (1, x)0 and thus,

E {1 − Sg }
c̄ E {Sg (1 − Sg )}

Q0 (c̄, n) =
c̄
E {Sg (1 − Sg )2 }
c̄ E {Sg (1 − Sg )} c̄2 E Sg2 (1 − Sg ) + n−1
"

E {Sg }

Q1 (c̄, n) =
c̄ E Sg2
"


c̄2 E Sg3

#

c̄ E Sg2

c̄
E Sg2 (1 − Sg ) .
+ n−1

#
(15)
(16)

by Bayes’ Theorem, the Law of Total Probability, and Lemmas 1 and A.2. Suppose first
that there is a single saturation s. Then (15) and (16) simplify to yield
|Q0 (c̄, n)| =

c̄s(1 − s)3
,
n−1

|Q1 (c̄, n)| =

c̄s3 (1 − s)
.
n−1

so that Q0 (c̄, n) and Q1 (c̄, n) are both invertible for any n and all c̄ greater than zero provided
that 0 < s < 1. The identifying power of this “degenerate” randomized saturation design,
however, is weak: Q0 , Q1 are arbitrarily close to being singular for any c̄ if n is sufficiently
large. Consider next a so-called “cluster randomized” experiment in which there are two
saturations, 0 and 1, and P(Sg = 1) = p. Calculating the expectations in (15) and (16),
"

#
(1 − p) 0
,
Q0 (c̄, n) =
0
0

"

#
p c̄p
Q1 (c̄, n) =
.
c̄p c̄2 p

In this case neither Q0 nor Q1 is invertible for any values of n and c̄. Finally, consider a
design with two distinct, equally likely saturations sL < sH . For this design, straightforward
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but tedious algebra gives
c̄ [(1 − sL ) + (1 − sH )] [sL (1 − sL )2 + sH (1 − sH )2 ]
c̄2
(1 − sL )(1 − sH )(sH − sL )2 +
4
4(n − 1)
2
2
2
c̄
c̄ (sL + sH ) [sL (1 − sL ) + sH (1 − sH )]
|Q1 (c̄, n)| = sL sH (sH − sL )2 +
.
4
4(n − 1)
|Q0 (c̄, n)| =

So long as neither sL nor sH equals zero or one, both terms in each expression are strictly
positive for any c̄ > 0, so that Q0 and Q1 are invertible. Moreover, in contrast to the single
saturation design discussed above, this design does not suffer from a weak identification
problem. While the second term in each of the preceding equalities vanishes for large n,
the first term does not. Thus, two interior saturations are sufficient to strongly identify the
linear potential outcomes model that we use in our empirical example and simulation study
below.
As the preceding examples show, two distinct sources of experimental variation determine
the rank of Q0 (c̄, n) and Q1 (c̄, n): “between” saturation variation, and “within” saturation
variation. Our first example lacks “between” variation because each group is assigned the
same saturation, Sg = s. Yet even with a single saturation, there is still “within” variation
under Assumption 2, because the number of offers made to a given group is random. This
“within” variation, however, is negligible when n is large. In our second example, the cluster
randomized experiment, the situation is reversed. Because everyone in a given group is
either offered (Sg = 0) or unoffered (Sg = 1), this design generates no “within” variation.
While a cluster randomized design does generate some “between” variation, it is too coarse
to identify our effects of interest: under our assumptions D̄ig equals zero when Sg = 0 and
C̄ig when Sg = 1. Our third example, with two saturations 0 < sL < sH < 1, features
sufficient “between” variation to identify the effects of interest even when n is so large that
“within” variation becomes negligible.
In general, sufficient conditions for Assumption 7(ii) will depend on the specific choice of
basis functions f . For large n, however, a necessary condition is that the design contains at
least as many distinct interior saturations as there are elements in f . Appendix F provides
a detailed explanation of this result.

4

Estimation and Inference

If C̄ig were observed, a handful of just-identified IV regressions would suffice to estimate
the causal effects from Theorem 3. While C̄ig is unobserved in practice, fortunately we can
estimate it under one-sided non-compliance by comparing treatment take-up to the share of
20

treatment offers, i.e.

D̄ /Z̄ , if Z̄ > 0
ig
ig
ig
big ≡
C
0,
otherwise

(17)

big = 0 if none of (i, g)’s neighbors are offered treatment.15 In
where we arbitrarily define C
this section we use (17) to derive feasible, consistent, and asymptotically normal estimators
of the direct and indirect causal effects identified in section 3. Appendix C provides full
implementation details specialized to the linear outcome model from (5). For simplicity, we
assume throughout that the random saturation Sg is bounded below by s > 0. Because
we cannot estimate C̄ig when Sg = 0, experiments that include a 0% saturation require a
slightly different approach. We explain these differences in Appendix D.
In the interest of brevity, we introduce shorthand notation and high-level regularity
conditions that apply to all four of our sample analogue estimators. These take the form

b≡
ϑ

Ng
G X
X
g=1 i=1

!−1
b ig X 0
Z
ig

Ng
G X
X

!
b ig Yig
Z

,

b ig ≡ R(C
big , Ng )+ W ig
Z

(18)

g=1 i=1

where Yig is the outcome variable from Assumption 3, and M+ denotes the Moore-Penrose
inverse of a square matrix M. Table 1 gives the definitions of X ig , R, and W ig corresponding
b ig is a stand-in for the unobserved
to each part of Theorem 2. The “estimated” instrument Z
“true” instrument Z ig ≡ R(C̄ig , Ng )−1 W ig . While R(C̄ig , Ng ) is invertible under Assumpbig , Ng ) may not be so, since C
big could fall outside the support set of C̄ig or even
tion 7, R(C
b ig using the Moore-Penrose inverse, which always
equal zero. For this reason we define Z
big , Ng ) is indeed invertible.
exists and coincides with the ordinary matrix inverse when R(C
As G grows, so does the number of unknown values C̄ig that we must estimate to construct
b ig .16 For this reason, we consider an asymptotic sequence in which
the instrument vectors Z
the minimum group size n grows along with the number of groups G. Under appropriate
b which we refer to as the “random
assumptions, this implies that the limit behavior of ϑ,
saturation IV” (RS-IV), coincides with that of the infeasible estimator that uses the true
b ig .
instrument vector Z ig instead of its estimate Z
Like Baird et al. (2018), we take an infinite population approach to inference, assuming
that the researcher observes a random sample of size G from a population of groups. Unlike
Baird et al. (2018), we allow these groups to differ in size. Upon drawing a group g from the
15

Under Assumption 2 it is possible, although unlikely, that Z̄ig could be zero even if Sg > 0.
While C̄ig can vary across individuals in the same group, it takes on at most two distinct values for fixed
g. If a group contains T total individuals, of whom c are compliers and n never-takers, then the share of
compliers among a given person’s neighbors is either (c − 1)/(T − 1) if she is a complier or c/(T − 1) if she
is a never-taker. Thus, the number of incidental parameters is 2G.
16
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X ig

(i)


1
⊗ f (D̄ig )
Dig

R

W ig


Q


1
⊗ f (D̄ig )
Zig

(ii) f (D̄ig )

Q1

f (D̄ig )Dig

(iii) f (D̄ig )

Q1

f (D̄ig )Zig (1 − Dig )

(iv) f (D̄ig )

Q0

f (D̄ig )(1 − Zig )

Table 1: This table defines the shorthand from (18) for the four sample analogue estimators
corresponding to the parts of Theorem 2. In each part, the vector of regressors is X ig , the true
b ig ≡
instrument vector is Z ig ≡ R(C̄ig , Ng )−1 W ig , and the estimated instrument vector is Z
+
+
big , Ng ) W ig , where M denotes the Moore-Penrose inverse of a square matrix M, and C
big is
R(C
as defined in (17). The functions Q, Q0 , Q1 are as defined in (8)–(10).

population, we observe the group-level random variables (Sg , Ng ) along with the individuallevel random variables (Yig , Dig , Zig ) for each member of the group: 1 ≤ i ≤ Ng . We further
assume that observations are identically distributed, but not independent, within groups.17
Groups are only observed as a unit: either everyone from the group appears in the
sample or no one does. For this reason, some care is needed in defining random variables to
represent our sampling procedure and expectations to represent the population averages that
define our causal effects of interest. The expectations in Theorems 2–3 are averages that
give equal weight to each individual in the population, or sub-population if we condition
on Cig . Analogously, the estimator in (18) is an average that gives equal weight to each
individual in the sample. Both of these are precisely what we want, as our goal is to
identify and estimate average causal effects for individuals. Under iid sampling of groups,
however, (Yig , Dig , Zig , D̄ig ) represent a single person chosen at random from a randomlyselected group. If all groups were the same size, this would be equivalent to choosing a person
uniformly at random from the population of individuals. When groups vary in size, however,
the equivalence no longer holds.18 This creates the possibility for ambiguity when taking
the expectation of an individual-level random variable, such as Yig , without conditioning on
group size.
17

The assumption that observations are identically distributed within group amounts to stipulating that
the indices 1 ≤ i ≤ Ng are assigned at random.
18
Consider a population of 100 groups, half of which have 5 members and the rest of which have 15
members so that 250 of the 1000 people in the population belong to a small group and the remaining 750
belong to a large group. Suppose first that we choose a single group at random and then a single person
within the selected group. Then someone from a small group has probability 1/500 of being selected while
someone from a large group has probability 1/1500 of being selected.
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Fortunately this is only a question of defining appropriate notation. Our group sampling
procedure unambiguously gives equal weight to each individual in the population because we
observe not isolated individuals but whole groups. While small groups are just as likely to
be drawn as large groups, large groups make a greater contribution to the sample averages
from (18) because they contain more people.19 The question is merely how to represent this
mathematically. Let ρg ≡ Ng /E(Ng ) denote the relative size of group g. We write E[Yig ] to
denote the average that gives equal weight to groups—choosing one person at random from
a randomly-chosen group—and E[ρg Yig ] to denote the average that gives equal weight to
individuals—observing an entire group chosen at random. It is the latter expectation that
appears in our results below, as it denotes the population equivalent of the double sums
from (18). While this is a slight abuse of notation, expectations from section 3 that involve
individual-level random variables but do not condition on group size should be interpreted
as (implicitly) weighting by relative group size. Using the notation and sampling scheme
b in (18).
defined above, we now state high-level sufficient conditions for the consistency of ϑ
Theorem 4. Let ρg ≡ Ng /E(Ng ) and suppose that
(i) we observe a random sample of G groups, where observations within a given group are
identically distributed although not necessarily independent,
(ii) Yig = X 0ig ϑ + Uig for 1 ≤ g ≤ G, 1 ≤ i ≤ Ng ,

(iii) E (ρg Z ig Uig ) = 0 and E ρg Z ig X 0ig = I,


(iv) E ρ2g ||Z ig X 0ig ||2 = o(G),


(v) E ρ2g ||Z ig Uig ||2 = o(G),
(vi) ||

PG

PNg

b ig − Z ig )X 0 || = oP (G), and
ρg (Z
ig

(vii) ||

PG

PNg

b ig − Z ig )Uig || = oP (G).
ρg (Z

1
g=1 Ng
1
g=1 Ng

i=1

i=1

b defined in (18), is consistent for ϑ as G → ∞.
Then ϑ,
Condition (i) of Theorem 4 simply restates our group sampling assumption. Conditions
(ii) and (iii) hold under the assumptions of Theorem 2, as shown in the proof of that result:
for each average effect ϑ from the theorem, we can define an appropriate error term Uig ,
vector of regressors X ig , and vector of instruments Z ig such that Yig = X 0ig ϑ+Uig where Z ig
19

Continuing from the example in the preceding footnote: suppose we randomly sample 10 groups and
observe everyone in them. Then, on average, our sample will contain 5 small groups and 5 large groups.
While the total sample size is random, on average we will observe 100 people, of whom 25 come from small
groups and the rest from large groups, matching the shares of each kind of person in the population.
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is an exogenous and relevant instrument. Moreover, for each part of Theorem 2, E(ρg Z ig X 0ig )
equals the identity matrix.20,21 Conditions (iv) and (v) of Theorem 4 would be implied by
requiring that the second moments of ρg Z ig X0ig and ρg Z ig Uig exist and are bounded. We
choose to state these conditions in a slightly weaker form because the distribution of ρg
necessarily changes with G if we consider an asymptotic sequence in which the minimum
group size n increases with the number of groups, as we will assume below. Requiring the
relevant expectations to be o(G) in principle allows the variance of relative group size ρg to
grow along with the number of groups, provided that it does not grow too quickly. Conditions
(i)–(v) together are sufficient for the consistency of

e≡
ϑ

Ng
G X
X

!−1
Z ig X 0ig

g=1 i=1

Ng
G X
X

!
Z ig Yig

,

(19)

g=1 i=1

b ig .
an infeasible estimator that uses the true instrument vector Z ig instead of its estimate Z
b ig is a sufficiently accurate estimator
The final two conditions of Theorem 4 assume that Z
b = ϑ
e + oP (1). In the setting we consider here, this will require
of Z ig to ensure that ϑ
a condition on how quickly the minimum group size n grows relative to G, as we discuss
in detail below. Strengthening conditions (v) and (vii) and adding one further assumption
b is asymptotically normal.
implies that ϑ
Theorem 5. Suppose that

 P
Ng
1
(i) Var Ng i=1 ρg Z ig Uig → Σ as G → ∞,


2+δ
(ii) E ρ2+δ
||Z
U
||
= o(Gδ/2 ) for some δ > 0, and
ig
ig
g
(iii) ||

PG

1
g=1 Ng

PNg

i=1

b ig − Z ig )Uig || = oP (G1/2 ).
ρg (Z

Then, under the conditions of Theorem 4,

√
b − ϑ) →d N (0, Σ).
G(ϑ

Combined with the first four conditions of Theorem 4, (i) and (ii) from Theorem 5 are
e the infeasible estimator defined in (19). Condisufficient for the asymptotic normality of ϑ,
e is G−1/2 . Obtaining a rate of convergence
tion (i) implies that the rate of convergence of ϑ
that depends on the total number of individuals rather than groups in the sample would require assumptions that are implausible in typical applications of the randomized saturation
20

For effects that condition on Cig = c, e.g. those from parts (ii) and (iii) of Theorem 2, the appropriate
definition of ρg becomes Ng E[1(Cig = c)]/E[Ng 1(Cig = c)].
PG PNg b
21
Given that E(ρg Z ig X 0ig ) = I, we could have defined our estimator to be N1 g=1 i=1
Z ig Yig rather
b
than ϑ. It is more convenient both for our asymptotic derivations and practical implementation, however,
to work with an IV estimator.
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design.22 Conditions (ii) and (iii) strengthen (v) and (vii), respectively, from Theorem 4: (ii)
is sufficient for the Lindeberg condition, which we use to establish a central limit theorem,
b coincides with that
while (iii) ensures that the limit distribution of the feasible estimator ϑ
e
of the infeasible estimator ϑ.
Conditions (vi)–(vii) of Theorem 4, along with condition (iii) of Theorem 5, require
b
b ig − Z ig ) to be sufficiently small on average that the limiting behavior of ϑ
the difference (Z
coincides with that of the infeasible estimator. We now provide low-level sufficient conditions
for this to obtain. By definition,
h
i
b ig − Z ig = R(C
big , Ng )+ − R(C̄ig , Ng )−1 W ig .
Z

(20)

b ig − Z ig ) will be small
Accordingly, so long as R is a sufficiently well-behaved function, (Z
big − C̄ig | is. As shown in the following lemma, a sufficient condition for this difference
if |C
to vanish uniformly over (i, g) is for the minimum group size n to be large relative to log G.
Lemma 4. Suppose that 0 < s ≤ Sg and n ≤ Ng . Under Assumptions 1–2 and 4–6

max

1≤g≤G


big − C̄ig
max C

1≤i≤Ng

s
= OP

log G
n

!
as (n, G) → ∞.

big , Ng )+ −R(C̄ig , Ng )−1 to inherit
The following regularity conditions are sufficient for R(C
big − C̄ig ).
the asymptotic behavior of (C
Assumption 8 (Regularity Conditions for R).
(i) R(c̄, n) is well-defined and symmetric for all c̄ ∈ [c̄L /2, 1), n ≥ n where 0 < c̄L ≤ C̄ig ;
(ii)

inf

σ (R(c̄, n)) > σ > 0, where σ(M) denotes the minimum eigenvalue of M;

c̄≥c̄L /2, n≥n


(iii) ||R(c̄1 , n) − R(c̄2 , n)|| ≤ L |c̄1 − c̄2 | + O(n−1/2 ) as n → ∞ for some 0 < L < ∞.
Parts (i) and (ii) of Assumption 8 require that R is well-defined and uniformly invertible
over a range of values for c̄ that includes the support of C̄ig and excludes zero. Part (iii) is
a variant of Lipschitz continuity that holds in the limit as n grows. These conditions are
mild: they amount to a slight strengthening of the rank condition from Assumption 7. In the
linear basis function example from (15) and (16), for instance, Assumption 8 holds whenever
 P

Ng
Obtaining the faster rate of convergence would require Var N1g i=1
ρg Z ig Uig → 0 as G → ∞. Because we consider an asymptotic sequence in which the minimum group size grows with G, this is technically
possible. It would, however, require us to assume that both heterogeneity between groups and dependence
within groups to vanish in the limit.
22
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C̄ig is bounded away from zero and Sg takes on at least two distinct values between zero and
one.23 More generally, provided that Assumption 7 holds, whenever C̄ig is bounded away
from zero and the basis functions f are well-behaved, we can always extend the definitions
of Q0 , Q1 from (9)–(10) to ensure that Assumption 8 holds. See Appendix E for full details.
Under this assumption, we can derive sufficient conditions on the rates at which G and n
b ig and Z ig is negligible.
approach infinity to ensure that the difference between Z




Theorem 6. Suppose that E ρ2g ||W ig X 0ig ||2 and E ρ2g ||W ig Uig ||2 are both o(G). Then,
under condition (i) of Theorem 4 and the conditions of Lemma 4,
(i) log G/n → 0 is sufficient for conditions (vi)–(vii) of Theorem 4.
(ii) G log G/n → 0 is sufficient for condition (iii) of Theorem 5.
b from (18) is consistent, and asymptotically
Taken together, Theorems 4–6 establish that ϑ
normal in the limit as G and n grow at an appropriate rate. In practical terms, our estimators
are appropriate for settings with many large groups such as the experiment of Crépon et al.
(2013). To implement them in practice, all that is required is to calculate the estimated
b ig and then run the appropriate just-identified IV regression from Table 1 with
instrument Z
standard errors clustered by group. Appendix C provides full implementation details for the
linear outcome model from (5).

5

Application: Job Placement Program in the French
Labor Market

In this section we illustrate our methods using data from Crépon et al. (2013), who implemented a large-scale randomized saturation experiment across French cities, offering job
placement program services to young workers seeking employment. In doing so, we uncover
patterns of spillovers that could prove relevant for the design of similar labor market programs. The intervention included 235 cities (labor markets), covering a sample of 21,431
workers of whom 11,806 were unemployed at the time of randomization.24 Two questions
of interest arise in this setting. First, the presence of direct effects: whether receiving job
placement services impacts subsequent labor market outcomes of participants, in particular
the likelihood of being employed. Second, the presence of indirect (spillover) effects: whether
23

See the discussion in section 3 immediately following (15) for details.
The formal criteria for eligibility included “aged below 30, with at least a two-year college degree, and
having spent either 12 out of the last 18 months or 6 months continuously unemployed or underemployed”
(Crépon et al., 2013, p. 545).
24
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the receipt of job placement services by others in the same labor market impacts subsequent
labor market outcomes of participants. For example, in such a large-scale experiment one
may worry that increasing some workers’ likelihood of obtaining a job may hurt the labor
market prospects of other workers.
Cities were initially randomly assigned to five saturation bins S = {0, 0.25, 0.5, 0.75, 1}.
For reasons outside of the experiment, 43 of the 47 cities initially assigned to the 25%
saturation bin in fact received a 50% saturation, and 12 of the 47 cities initially assigned to
the 75% saturation bin received a 100% saturation.25 For this reason all of the results we
present below restrict attention to the subset of cities that received their initially assigned
saturation.26 Thus, our estimation sample consists of 47 cities in the 0% saturation bin, 4
cities in the 25% saturation bin, 47 cities in the 50% saturation bin, 35 cities in the 75%
saturation bin, and 47 cities in the 100% saturation bin.
Eligible workers in each city then received offers with a probability equal to the saturation
assigned to their city. As mentioned in the introduction, the overall take-up rate of job
placement services was 35%. Only workers who were assigned to treatment could receive
it, so Assumption 4 (one-sided non-compliance) holds. In addition, Assumption 5 (IOR)
is reasonable in this setting: using a simple regression-based test, Appendix G shows that
an individual’s probability of treatment take-up is statistically unrelated to her group’s
randomly assigned saturation.27 Researchers collected data on labor market outcomes in
a follow-up 8 months after treatment receipt. Here we present results for two outcome
variables: long-term employment (indefinite contract or fixed-term contract longer than 6
¯ = (1, d),
¯ so that
months) and any employment. We estimate a linear outcome model, f (d)
Yig = αig + βig Dig + γig D̄ig + δig Dig D̄ig .

(21)

The linear specification is simple to implement and easy to interpret. For full implementation
details, see Appendices C and D. As discussed in Appendix F, the number of basis functions
that can be included in practice is limited by the number of saturations. Given the reassignment of 25% saturations in this experiment, we “effectively” have only three interior
saturations, one more than the minimum needed to identify a linear outcome model. (See
subsection 3.3.) Given the limits imposed by the design, we limit attention to the linear
25

The reassignment of cities across bins is not a problem for the analysis in Crépon et al. (2013), because
the main results in that study make only a binary comparison between the cities assigned to the 0% saturation
bin and the pooled group of cities assigned to positive saturation bins.
26
Naturally, the validity of this restriction relies on the assumption that the reassignment of cities across
saturation bins was unrelated to their underlying characteristics.
27
As far as we are aware, subjects in the experiment of Crépon et al. (2013) were not informed of their
groups’ saturations, making IOR a priori plausible as well.
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α

γ

αn

γn

αc

γc

βc

δc

Outcome: long-term employment
Estimate
Std. error

0.47 -0.09
0.01 0.07

0.47 0.14 0.48
0.02 0.09 0.04

-0.51
0.24

-0.09
0.05

0.62
0.25

Outcome: any employment
Estimate
Std. error

0.60 -0.11
0.01 0.06

0.57 0.14 0.66
0.02 0.09 0.04

-0.56
0.24

-0.10
0.05

0.62
0.25

Observations

7,440

5,814

3,104

Table 2: Estimated coefficients for long-term employment and any employment. Standard errors
are clustered at the city level. See Equation 21 for the coefficient definitions.

model throughout this section. Our simulation study, discussed in section 6 suggests that
the sample size of Crépon et al. (2013) is sufficient to permit reasonably precise estimation
of the linear specification.
Recall that our RS-IV estimator recovers average coefficients for compliers (αc , β c , γ c , δ c ),
for never-takers (αn , γ n ), and for the whole population (α, γ).28 Using these, we can reconstruct the average potential outcome functions for treated and untreated compliers, for
untreated never-takers, and for the whole population.29
Table 2 presents estimates and standard errors (clustered at the city level) of the average
effects for the whole population, for never-takers, and for compliers using long-term employment and any employment as outcome variables.30 We estimate large negative spillovers
(γ c = −0.51) for untreated compliers, and effectively no spillovers (γ c + δ c = 0.62 − 0.51 =
0.11) for treated compliers. For the average untreated complier, increasing the treated share
among his neighbors from 10 percent to 50 percent would decrease his likelihood of employment by 20 percentage points. This is a considerable negative indirect effect of the policy
intervention. However, this negative spillover effect is nullified –and possibly reversed– when
compliers are assigned to, and therefore receive, the treatment.
For completeness, Figure 3 depicts the implied average potential outcome functions for
untreated and treated compliers, using long-term employment as the outcome variable. Figure 4 depicts the corresponding functions using any employment as the outcome variable
instead. We report average functions as bold lines, and corresponding (pointwise) 95% confidence intervals as dashed curves. The downward sloping functions on the left of both figures
illustrate the negative estimated spillover for untreated compliers: employment prospects for
28

In the more general notation in section section 2, θ ig = (αig , γig ) and (ψ ig − θ ig ) = (βig , δig ).
Because non-compliance is one-sided, compliers are synonymous with “the treated” and never-takers
with “the untreated.”
30
We include observations from the 0% saturation cities as described in Appendix D.
29

28
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0.3
0.2
0.0
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0.5
0.4
0.3
0.2
0.1
0.0

P(long-term employment)

0.0

0.1

0.2

0.3

0.4

0.5

0.0

0.1

0.2

D̄ig

0.4

0.5

D̄ig

Untreated compliers

(a)

0.3

Treated compliers

(b)

0.8
0.6
0.4
0.0

0.2

P(any employment)

0.6
0.4
0.2
0.0

P(any employment)

0.8

Figure 3: Potential outcomes as a function of d¯ig using the probability of long-term employment as
outcome. The left-hand side panel illustrates the average potential outcome function for untreated
compliers: αc + γ c d¯ig . The right-hand side panel illustrates the average potential outcome function
for treated compliers: (αc +β c )+(γ c +δ c )d¯ig . The dashed curves represent 95% confidence intervals.
Each tick in the rug plot on the horizontal axis represents a realized value of D̄g in a city in the
experiment.

0.0

0.1

0.2

0.3

0.4

0.5

0.0

D̄ig
(a)

0.1

0.2

0.3

0.4

0.5

D̄ig

Untreated compliers

(b)

Treated compliers

Figure 4: Potential outcomes as a function of d¯ig using the probability of any employment as
outcome. The left-hand side panel illustrates the average potential outcome function for untreated
compliers: αc + γ c d¯ig . The right-hand side panel illustrates the average potential outcome function
for treated compliers: (αc +β c )+(γ c +δ c )d¯ig . The dashed curves represent 95% confidence intervals.
Each tick in the rug plot on the horizontal axis represents a realized value of D̄g in a city in the
experiment.
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Direct treatment effect
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0.0
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0.2

0.3
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0.5
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Probability of long-term employ(b)
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Figure 5: Direct treatment effect as a function of d¯ig for compliers: β c + δ c d¯ig . The left-hand
side figure uses long-term employment as outcome variable. The right-hand side figure uses any
employment as outcome. The dashed curves represent 95% confidence intervals. Each tick in the
rug plot on the horizontal axis represents a realized value of D̄g in a city in the experiment.

those who would have taken up treatment if offered worsen rapidly as more job seekers in
their city take up the job placement program. The flat curves on the right, in contrast, reveal
that employment prospects for those who take up treatment are unaffected by the average
city-level treatment take up. These patterns are consistent with the idea that compliers who
did not receive job placement assistance are hurt by competition in the labor market, while
job placement assistance shields those who take it up from these negative spillovers.
Thus, among those willing to receive job placement services, more widespread take-up
of the program, possibly via increased labor market competition, has a differential impact
across those who do receive and those who do not receive treatment. This difference is driven
by the direct treatment effects on compliers, which we plot in Figure 5. The estimated direct
effect increases with D̄ig and is positive for most values of D̄ig observed in the data, although
the 95% confidence interval contains an effect size of zero for most observations. Finally,
although we cannot recover full treatment effects for never-takers or for the population as a
whole, Table 2 also illustrates that the average spillover γ n for never takers is positive albeit
statistically insignificant. The resulting average spillover for the population as a whole, γ,
although much smaller in magnitude compared to the one for compliers, is negative and
marginally significant for any employment (γ = −0.11).

30

In settings with potential non-compliance such as this one, participants’ take-up decisions
may be driven by the expected gains from participation. Our findings are consistent with
such behavior: those who decline participation may do so precisely if they expect they will
not suffer negative spillovers from others receiving the program. In turn, compliance may
in part be driven by the knowledge that, in the absence of treatment, program receipt by
others hurts own labor market prospects.31 Indeed, in Table B.1 we report results from a
regression of compliance indicators on pre-treatment characteristics for the sub-sample of
offered individuals. Compared to never-takers, compliers appear to be a more vulnerable
sub-population: at baseline they are less likely to cohabit, less educated, less likely to be
employed or to have a stable labor contract, and are more likely to receive unemployment
insurance.32 Knowledge of this pattern of effects may prove valuable for the design of other
similar large-scale labor market programs.

6

Simulation study

We now present the results of a simulation study to demonstrate the performance of our
estimator in a setting similar to that of our empirical example. As in section 5, we work
with the linear outcome model f (x)0 = (1, x)0 from (5); for full implementation details, see
Appendix C. We compare the results of our estimator to those of a ‘naı̈ve’ IV regression of
Yig on Xig ≡ (1, Dig , D̄ig , Dig D̄ig )0 with instruments Z ig ≡ (1, Zig , Sg , Zig Sg )0 . As detailed in
Lemma 2, this estimator yields consistent estimates of α and β c , but inconsistent estimates
of γ and δ c when the random coefficients are correlated with the share of compliers.
Our simulation design broadly follows the sampling and experimental design of Crépon
et al. (2013), employing a simple data generating process that allows for correlation between
the random coefficients and the share of compliers in a city, C̄ig . We present results from
three simulation studies with different numbers of groups, G. Our main simulations set
G = 235 to match the experimental design in Crépon et al. (2013); comparison exercises
150 and 500 groups. For simplicity we consider groups of equal size, 116 individuals each, to
match the average group size from Crépon et al. (2013). We randomly assign exactly 1/5 of
groups to each of five saturations, Sg ∈ {0, 0.25, 0.5, 0.75, 1}, then draw individual Bernoulli
offers at the assigned saturation.
We randomly assign to each group g a share of compliers C̄g ∈ {0.1, 0.2, 0.3, 0.4, 0.5} with
equal probability. Individuals are assigned a compliance status in the corresponding propor31

Notice that these forms of ‘selection on gains’ are compatible with the IOR assumption holding.
Compliers are also less likely to have young children, which may indicate that never takers are less able
to participate in the program and possibly in the labor market.
32
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True values

α

γ

αn

γn

αc

γc

βc

δc

0.50

-0.70

0.50

-0.73

0.50

-0.63

0.20

0.94

150 groups
RS-IV
Average coefficient 0.50
Std. dev.
0.00
Coverage
0.97

-0.69 0.50
0.08 0.01
0.95 0.91

Naı̈ve IV
Average coefficient 0.50
Std. dev.
0.00
Coverage
0.97

-0.63
0.05
0.65

235 groups
RS-IV
Average coefficient 0.50
Std. dev.
0.00
Coverage
0.97

-0.69 0.50
0.06 0.01
0.94 0.91

Naı̈ve IV
Average coefficient 0.50
Std. dev.
0.00
Coverage
0.97

-0.63
0.04
0.50

500 groups
RS-IV
Average coefficient 0.50
Std. dev.
0.00
Coverage
0.97

-0.69 0.50
0.04 0.01
0.95 0.91

Naı̈ve IV
Average coefficient 0.50
Std. dev.
0.00
Coverage
0.97

-0.63
0.02
0.20

-0.73 0.50 -0.59
0.10 0.04 0.36
0.91 0.98 0.97

0.21 0.89
0.07 0.44
0.96 0.96

0.21 1.02
0.06 0.29
0.95 0.91

-0.73 0.50 -0.60
0.08 0.03 0.28
0.92 0.98 0.97

0.20 0.91
0.05 0.34
0.96 0.96

0.20 1.03
0.05 0.22
0.95 0.90

-0.73 0.50 -0.60
0.05 0.02 0.19
0.91 0.98 0.97

0.20 0.91
0.04 0.23
0.96 0.95

0.20 1.04
0.03 0.15
0.95 0.87

Table 3: Comparison of our RS-IV and the ‘naı̈ve’ IV in simulations with 150, 235 or 500 groups.
We show the mean, standard deviation, and coverage for estimates using the RS-IV and ‘naı̈ve’ IV
over 5000 simulations.
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Figure 6: Distribution of the estimates of the spillover terms, (γ, γ n , γ c , δ c ), for our IV and the
‘naı̈ve’ IV (where available) for simulations with 235 groups, over 5000 simulations. The true
parameter values are given by green vertical lines. Analogous figures for simulations with 150 and
500 groups appear in Appendix B.

tion. To generate the random coefficients, we first set values for the unconditional average parameters, (α, β, γ, δ) = (0.5, 0.2, −0.7, 0.8). For θ ∈ {α, β, γ, δ}, and θig ∈ {αig , βig , γig , δig },
we then draw the individual random coefficients according to
"

#
C̄ig − E[C̄ig ]
κθ
uig
p
θig = θ +
+p 2
σθ ,
SD(C̄ig )
κ2θ + 1
κθ + 1

iid

uig ∼ N (0, 1)

where κθ controls the strength of correlation between C̄ig and a given random coefficient
p
so that Corr(θig , C̄ig ) = κθ / κ2θ + 1. We normalize the random coefficients so that their
means are given by the unconditional parameters, (α, β, γ, δ), and their standard deviations
are given by σ = (σα , σβ , σγ , σδ ). In the simulations below, we set κ = (0, 0, 1.2, 1.5) and
σ = (0.3, 0.3, 0.2, 0.4), which gives Corr(γig , C̄ig ) ≈ 0.77 and Corr(δig , C̄ig ) ≈ 0.83.
Table 3 presents means and standard deviations of estimated coefficients along with the
actual coverage of the associated nominal 95% confidence intervals for both our estimator
and the “naı̈ve” IV estimator, based on 5000 simulation replications.33 The second panel
33

In principle, one could estimate (αn , γ n ) by estimating a naı̈ve IV regression of Yig on a constant and
D̄ig on a subset of the data with (Zig = 1, Dig = 0), using Sg as an instrument for D̄ig . Similarly, one could
estimate (αc + β c , γ c + δ c ) by estimating the same regression on a subset of the data with (Zig = 1, Dig = 1).

33

presents the results for a sample size similar to the experimental design in Crépon et al.
(2013): 235 groups. Our estimator performs well at this sample size—the average coefficients
are very close to the true values and the coverage is close to its nominal level for all eight
parameter values—and its performance improves in larger samples, as expected. In contrast,
the naı̈ve IV estimates of γ and δ c are substantially biased, as predicted by Lemma 2. The
performance of the naı̈ve IV estimator does not improve as we increase the sample size—
the average coefficients remain unchanged and the coverage worsens as the standard errors
shrink. Figure 6 shows the empirical distribution of the point estimates for our estimator in
the simulations with 235 groups and compares this to the naı̈ve IV for γ and δ c . Again, our
estimator performs well and the bias of the naı̈ve IV is clearly visible, as is the mean-variance
tradeoff between the two estimators. Appendix B presents similar figures for simulations with
150 and 500 groups.

7

Conclusion

In this paper we have proposed methods to identify and estimate direct and indirect causal
effects under one-sided non-compliance, using data from a randomized saturation experiment.
Under appropriate assumptions, we show that the key source of unobserved heterogeneity is
the share of compliers within a given group. In a setting with many large groups, this quantity
can be estimated and yields a simple IV estimator that is consistent and asymptotically
normal in the limit as group size and the number of groups grow. We have also illustrated the
applicability of our methods using data from a large-scale job-placement program randomized
saturation experiment. In this setting, we find negative spillover effects on the sub-population
willing to take up the program. The direct effects, however, shield those who take up
treatment from these negative indirect effects. These findings illustrate how our methods
allow researchers to go beyond intent-to-treat effects and reveal important information that
may be relevant for the design of real-world policies.
A possible extension of the methods described above would be to consider settings with
two-sided non-compliance. In this case our identification approach would condition on the
share of always-takers in addition to the share of compliers. A related idea would be to
relax the assumption of anonymous interactions by allowing individuals’ potential outcome
functions to depend on the take-up rates of different sub-groups within their group. For
example, male students may experience stronger spillovers from their male classmates, and
female students from their female classmates. In this case, one would need to condition on
However, both sets of estimated parameters would be biased if γ is correlated with C̄ig , and the second set
of estimates would be biased if δ is correlated with C̄ig .

34

the compliance rate in each sub-group. A more challenging extension would consider relaxing
IOR. Without this assumption, the estimands identified in this paper lack a straightforward
causal interpretation. However it may be possible to identify, or at least partially identify,
well-defined causal effects under somewhat weaker restrictions on treatment take-up behavior. While a full analysis of policy relevant treatment effects in the presence of spillovers
is beyond the scope or this paper, we think there is ample scope for future research in this
direction. It could be interesting, for example, to consider applying the marginal treatment
effects approach to settings with spillovers and non-compliance. We leave this possibility for
future research.
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A

Proofs

The following lemma, taken from Constantinou and Dawid (2017), summarizes several useful properties of conditional independence that we use in our proofs below. The names attached to properties (i) and (iii)–(v) originate with Pearl (1988). For the purposes of this document, we call the
second property “redundancy.”
Lemma A.1 (Axioms of Conditional Independence). Let X, Y, Z, W be random vectors defined on
a common probability space, and let h be a measurable function. Then:
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|=

Y |Z and X

|=

|=

Y |Z and W = h(Y ) =⇒ X

W |(Y, Z) =⇒ X

W |Z.

Y |(W, Z).
|=

Y |Z and W = h(Y ) =⇒ X

|=

|=

(v) (Contraction): X

|=

(iii) (Decomposition): X
(iv) (Weak Union): X

X|Z.

Y |Y .
|=

|=

(ii) (Redundancy): X

Y |Z =⇒ Y

|=

(i) (Symmetry): X

(Y, W )|Z.

Y |Z implies (X, Z)

|=

Corollary A.1. X

|=

For simplicity, our proofs below freely use the “Symmetry” property without comment, although
we reference the other properties when used. We also rely on the following corollary of Lemma A.1.
Y |Z.

|=

Proof of Lemma 1. Applying Corollary A.1 and the Decomposition property to Assumption 6(ii)
yields Z g (C g , C̄ig )|(Ng , Sg ). By the definition of conditional independence, it follows that the
distribution of Z g |(Ng , Sg , C g , C̄ig ) is the same as that of Z g |(Ng , Sg ):

P(Z g = z|Ng = n, Sg = s, C g , C̄ig ) = P(Z g = z|Ng = n, Sg = s).

(A.1)


Now, define the shorthand A ≡ Ng = n, Sg = s, C g = c, C̄ig = c̄ and let C(i) be the indices of
all non-zero components of c, excluding the ith component,
i.e. C(i) ≡ {j 6= i : ocj = 1}. By the
nP

definition of D̄ig , the event D̄ig = d is equivalent to
j6=i Cjg Zjg = d(Ng − 1) . Consequently,






X
X
P(D̄ig = d|A, Zig ) = P   Cjg Zjg  = d(n − 1) A, Zig  = P  
Zjg  = d(n − 1) A, Zig 
j6=i

j∈C(i)

where the first equality uses the fact that A implies Ng = n, and the second uses the fact that
A implies C g = c, so we know precisely which of the indicators Cjg equal zero and which equal
one. Under Assumption 2, (A.1) implies that Z g |A ∼ iid Bernoulli(s). By our definition of C(i)
it follows that, conditional on A, the subvector of Z g that corresponds to C(i) constitutes an iid
sequence of c̄(n − 1) Bernoulli(s) random
variables, each of which is independent
of Zig . Hence,

P
conditional on (A, Zig ), we see that j∈C(i) Zjg ∼ Binomial c̄(n − 1), s .
Proof of Lemma 2. Under (5), Yig = X0ig Big where Big = (αig , βig , γig , δig )0 . Now, let Rig ≡


Sg , Zig , Ng , C̄ig , Cig , Big and Λig ≡ diag 1, Cig , C̄ig , Cig C̄ig . From Lemma 1 we see that E[D̄ig |R] =
C̄ig Sg . Since Dig = Cig Zig under one-sided non-compliance and IOR, it follows that E[X0ig |Rig ] =
Z 0ig Λig . Hence,

E [Z ig Yig ] = E Z ig E(X0ig |Rig )Big = E Z ig Z 0ig (Λig Big )







E Z ig X0ig = E Z ig E X0ig |Rig = E Z ig Z 0ig Λig










|=

since Z ig and Big are Rig –measurable. Now, applying Decomposition and Corollary A.1 to part (ii)
of Assumption 6 gives Zig (Cig , C̄ig , Big )|(Sg , Ng ). Under Assumption 2, however, the conditional
distribution of Zig |(Sg = s, Ng = n) does not involve n, so we obtain
|=

(Cig , C̄ig , Big ) Zig |Sg .
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(A.2)

|=

|=

Similarly, applying Decomposition to part (ii) of Corollary A.1, we see that (Cig , C̄ig , Big ) Sg .
Combining this with (A.2), the Contraction axiom yields (Cig , C̄ig , Big ) (Zig , Sg ), implying that
(Z ig Z 0ig ) is independent of both Λig and (Λig Big ). Accordingly,
ϑIV =

E Z ig Z 0ig Λig

 





−1

E Z ig Z 0ig (Λig Big ) = E [Λig ]−1 E [Λig Big ] .






By the definitions of ϑIV , Λig and Big it follows that

E Cig C̄ig δig
E C̄ig γig
E [Cig βig ]
 .
  , δIV =

αIV = E [αig ] , βIV =
, γIV =
E [Cig ]
E C̄ig
E Cig C̄ig








By iterated expectations over Cig , we obtain βIV = E [βig |Cig = 1] while


E C̄ig γig
Cov(C̄ig , γig ) + E(C̄ig )E(γig )
Cov(C̄ig , γig )
  =
γIV =
= E[γig ] +
.
E
(
C̄
)
E(C̄ig )
E C̄ig
ig
Similarly, again taking iterated expectations over Cig ,


E C̄ig δig |Cig = 1
Cov(C̄ig , δig |Cig = 1)

 = E [γig |Cig = 1] +
δIV =
.
E(C̄ig |Cig = 1)
E C̄ig |Cig = 1

|=

|=

Proof of Theorem 1. Assumption 6(i) implies (C g , Bg ) Sg |Ng by Weak Union and Decomposition. Combining this with Assumption 6(ii) gives
(Zg , Sg ) (Bg , C g )|Ng

(A.3)

(Sg , Z g )

|=

by Contraction. Now let C −ig denote the subvector of C g that excludes element i. Applying
Decomposition, Corollary A.1, and Weak Union to (A.3),
(Big , Cig , C −ig , Ng )|(Ng , C̄ig ).

(A.4)

C −ig |(Ng , C̄ig , Sg , Zig ).

(A.5)

(Sg , Zig )|(Ng , C̄ig ). Combining this with (A.5),
|=

Applying Decomposition to (A.4) gives C −ig

|=

D̄ig

|=

because C̄ig is a function of (C g , Ng ). By Lemma 1,

(Sg , Zig , D̄ig )

C −ig |(Ng , C̄ig )

(A.6)

|=

by Contraction. Now, applying Weak Union and Decomposition to (A.4),
(Sg , Z g )

(Big , Cig )|(C −ig , C̄ig , Ng ).

(A.7)

|=

Applying Corollary A.1, we can move (C −ig , Ng ) from the conditioning set onto the left side of the
conditional independence relation, yielding
(Sg , Zig , C −ig , Ng )

(Big , Cig )|(C −ig , C̄ig , Ng ).
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(A.8)

(Sg , Zig , D̄ig )

|=

Since (Sg , Zig , D̄ig ) is a function of (Sg , Z g , C −ig , Ng ), applying Decomposition to (A.8), gives
(Big , Cig )|(C −ig , C̄ig , Ng ).

(A.9)

(Sg , Zig , D̄ig )

|=

Finally, applying Contraction to (A.6) and (A.9),
(C −ig , Big , Cig )|(C̄ig , Ng )

and the result follows by a final application of Decomposition.
Proof of Lemma 3. Define the shorthand U ≡ Q(c̄, n), A ≡ Q0 (c̄, n), and B = Q1 (c̄, n) so that


A+B B
U=
.
B
B
Using this notation, we are asked to show that U is invertible if and only if A and B are both
invertible, in which case U −1 = V where

 −1
A
−A−1
.
V ≡
−A−1 A−1 + B −1
The “if” direction follows by direct calculation: V U = U V = I. For the “only if” direction, suppose
that U is invertible. Partitioning U −1 into blocks (C, D, E, F ) conformably with the partition of
U , we have


 
 


C D A+B B
I 0
A+B B C D
−1
= U −1 U.
=
=
UU =
B
B
E F
0 I
B
B E F
We begin by showing that A is invertible. Consider the product U U −1 . Multiplying the first row
of U by the first column of U −1 gives the equation AC + B(C + E) = I; multiplying the second row
of U by the first column of U −1 gives B(C + E) = 0. Combining these, AC = I. Now consider the
product U −1 U . Multiplying the first row of U −1 by the first column of U gives CA + (C + D)B = I;
multiplying the first row of U −1 by the second column of U gives (C + D)B = 0. Combining these,
CA = I. Since AC = CA = I, we have shown that A is invertible with A−1 = C.
We next show that D = E = −C. Consider again the product U U −1 . Multiplying the first row
of U by the second column of U −1 gives AD + B(D + F ) = 0; multiplying the second row of U by
the second column of U −1 gives B(D + F ) = I. Combining these, AD = −I and because A−1 = C
we can solve this equation to yield D = −C. Now consider U −1 U . Multiplying the second row of
U −1 by the first column of U gives EA + (E + F )B = 0; multiplying the second row of U −1 by the
second column of U gives (E + F )B = I. Combining these, EA = −I and solving for E, we have
E = −C since A−1 = C.
Finally we show that B is invertible. Multiplying the second row of U by the second column of
U −1 gives B(D + F ) = I, but since D = −C this becomes B(F − C) = I Multiplying the second
row of U −1 by the first column of U gives (E + F )B + EA = 0 but because E = −C = −A−1 this
becomes (F − C)B = I. Thus, B(F − C) = (F − C)B = I so we have shown that B is invertible
with B −1 = F − C.
Proof of Theorem 2. For each part, it suffices to find an appropriate outcome variable Yeig , ree ig , and instrument set Z
e ig such that we can write Yeig = X
e 0 ϑ + Uig where ϑ is
gressor vector X
ig
e ig X
e 0 ] is invertible. Note that (X
e ig , Yeig , Z
e ig )
the parameter of interest, E[Zeig Uig ] = 0, and E[Z
ig
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are placeholders for quantities that differ in each part of the proof: for
 part (i) they represent
W
1
(Xig , Yig , Z ig ) while for part (ii) they stand for Dig f (D̄ig ), Dig Yig , Z ig , for example. The definitions of Uig and ϑ are also specific to each part of the proof.
e 0 ϑ + Uig where ϑ0 ≡ E(θ 0ig ) E(ψ 0ig − ϑ0ig |Cig = 1) ,
Part (i) By (2) we can write Yeig = X
ig




e ig ≡ Xig , and Uig ≡ X0 (Big − ϑ). Under IOR Dig = Cig Zig . Hence, defining
Yeig ≡ Yig , X
ig
Mig ≡ diag {1, Cig } ⊗ IK ,
  


  




1
1 0
1
1 0
⊗ f (D̄ig ) = Mig Wig .
Xig =
⊗ IK f (D̄ig ) =
⊗ IK
Zig
0 Cig Zig
0 Cig
0 [M (B − ϑ)]. Thus, taking Z
e ig ≡ Z W , we have
Since Mig is symmetric, Uig = Wig
ig
ig
ig

n h

io




0
= E Q(C̄ig , Ng )−1 E Wig Wig
Mig (Big − ϑ) C̄ig , Ng
|=

e ig Uig ] = E E Z
e ig Uig C̄ig , Ng
E[Z

by iterated expectations. By assumption (Zig , D̄ig ) (Cig , Big )|(C̄ig , Ng ). Hence,



 

0
0
E Wig Wig
Mig (Big − ϑ) C̄ig , Ng = E Wig Wig
C̄ig , Ng E Mig (Big − ϑ)| C̄ig , Ng
0 is a measurable function of (Z , D̄ ) and M (B − ϑ) is a
by Decomposition, since Wig Wig
ig
ig
ig
ig
e
measurable function of (Cig , Big ). Substituting into the expression for E[Z ig Uig ],
h
i
 

e ig Uig = E E Mig (Big − ϑ)| C̄ig , Ng = E [Mig (Big − ϑ)]
E Z
0 |C̄ , N ]−1 . Now, substituting the defiby iterated expectations, since Q(C̄ig , Ng )−1 = E[Wig Wig
ig
g
nitions of Mig , Big , and ϑ,


(θ
−
E
{θ
})
ig
ig

 =0

E [Mig (Big − ϑ)] = E
Cig ψ ig − θ ig − E ψ ig − θ ig Cig = 1

since

E Cig ψ ig − θig


h




= E(Cig )E ψ ig − θ ig Cig = 1 . Therefore

e ig Uig ] = 0. Similarly,
E[Z

i




e ig X
e 0 = E Q(C̄ig , Ng )−1 E Wig W0 Mig |C̄ig , Ng
E Z
ig
ig


 

0
= E Q(C̄ig , Ng )−1 E Wig Wig
|C̄ig , Ng E Mig |C̄ig , Ng = E [Mig ] .
Since [Mig ] is invertible if and only if
Assumption 7.

e ig X
e 0 ] is invertible by
E(Cig ) 6= 0, it follows that E[Z
ig

2 = D
Part (ii) Since Dig
ig and Dig (1 − Dig ) = 0, multiplying both sides of (2) by Dig and

e 0 ϑ + Uig where ϑ ≡ E(ψ ig |Cig = 1),
simplifying gives Dig Yig = Dig f (D̄ig )ψ ig . Thus Yeig = X
ig

0
e ig ≡ Dig f (D̄ig ), and Uig ≡ Dig f (D̄ig ) (ψ ig − ϑ). The remainder of the argument
Ye ≡ Dig Yig , X
e ig ≡ Z 1 and substituting Dig = Zig Cig gives
is similar to that of part (i). Taking Z
ig
e ig Uig ] = E Q1 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 Zig |C̄ig , Ng E Cig (ψ ig − ϑ) C̄ig , Ng
E[Z
 



= E E Cig (ψ ig − ϑ)|C̄ig , Ng = E Cig (ψ ig − ϑ) .






41





Since

e ig Uig ) = 0. Similarly,
E[Cig ψ ig ] = E(Cig )E(ψ ig |Cig = 1) = E(Cig ϑ), we obtain E(Z
h

i




e ig X
e 0 = E Q1 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 Zig Cig |C̄ig , Ng
E Z
ig


 

= E Q1 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 Zig |C̄ig , Ng E Cig |C̄ig , Ng = E(Cig )IK .
Hence,

e ig X
e ig ]0 is invertible by Assumption 7.
E[Z

Part (iii) Since (1 − Dig )2 = (1 − Dig ) and Dig (1 − Dig ) = 0, multiplying both sides of (2)
by Zig (1 − Dig ) and simplifying gives Zig (1 − Dig )Yig = Zig (1 − Dig )f (D̄ig )θ ig . Thus we have
e 0 ϑ + Uig where ϑ ≡ E(θ ig |Cig = 0), Yeig ≡ Zig (1 − Dig )Yig , X
e ig ≡ Zig (1 − Dig )f (D̄ig ), and
Yeig = X
 ig
0
Uig ≡ Zig (1 − Dig )f (D̄ig ) (θ ig − ϑ). The remainder of the argument is similar to that of part (i).
e ig ≡ Z 1 and substituting Zig (1 − Dig ) = Zig (1 − Cig ) gives
Taking Z
ig

E[Zeig Uig ] = E Q1 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 Zig |C̄ig , Ng E [(1 − Cig )(θig − ϑ)| C̄ig , Ng
 

= E E (1 − Cig )(θ ig − ϑ)|C̄ig , Ng = E [(1 − Cig )(θ ig − ϑ)] .








e ig Uig ) = 0.
Since E[(1 − Cig )θ ig ] = E(1 − Cig )E(θ ig |Cig = 1) = E[(1 − Cig )ϑ], we obtain E(Z
Similarly,
h
i



e ig X
e 0 = E Q1 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 Zig (1 − Cig )|C̄ig , Ng
E Z
ig


 

= E Q1 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 Zig |C̄ig , Ng E (1 − Cig )|C̄ig , Ng = E(1 − Cig )IK .
It follows that

e ig X
e 0 ] is invertible by Assumption 7.
E[Z
ig

Part (iv) Under one-sided non-compliance and IOR, (1 − Zig )(1 − Dig ) = (1 − Zig ). Hence,
multiplying both sides of (2) by (1 − Zig ), we obtain (1 − Zig )Yig = (1 − Zig )f (D̄ig )0 θ ig , using the
e 0 ϑ+Uig where ϑ ≡ E(θ ig ), Yeig ≡ (1−Zig )Yig ,
fact that Zig (1−Zig ) = 0. Thus we can write Yeig = X
ig
0
e
Xig ≡ (1 − Zig )f (D̄ig ), and Uig ≡ (1 − Zig )f (D̄ig ) (θ ig − ϑ). The remainder of the argument is
e ig ≡ Z 0 , we obtain
similar to that of part (i). Taking Z
ig
e ig Uig ] = E Q0 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 (1 − Zig )|C̄ig , Ng E [θ ig − ϑ| C̄ig , Ng
E[Z
 

= E E θ ig − E(θ ig )|C̄ig , Ng = 0


h

i



e ig X
e 0 = E Q0 (C̄ig , Ng )−1 E f (D̄ig )f (D̄ig )0 (1 − Zig )|C̄ig , Ng
E Z
ig








= IK .

|=

and



Lemma A.2. Under Assumptions 2 and 6, (Sg , Zig ) (Cig , C̄ig , Ng , Big ).

(C g , Big , Ng )|Sg .

|=

Zig

|=

|=

|=

Proof of Lemma A.2. By Assumption 2 Zig Ng |Sg and by Assumption 6 (ii) and Decomposition Zig (Cig , Big )|(Sg , Ng ). Combining these by Contraction yields
(A.10)

|=

Now, by Assumption 6 (i) we have Sg (C g , Big , Ng ). Combining this with (A.10) by a second
application of Contraction gives (Zig , Sg ) (C g , Big , Ng ). The result follows by a final application
of Decomposition.
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|=

|=

Proof of Theorem 3. Assumptions 1–6 imply that (Zig , D̄ig ) (Big , Cig )|(C̄ig , Ng ) by Theorem 1.
Hence Assumptions 1–7 are sufficient for the conclusions of Theorem 2 to hold. Now, by Lemma 1,
Assumptions 1–2 and 4–6 imply that the conditional distribution of D̄ig |(C̄ig , Ng , Zig ) is known.
Moreover, by Lemma A.2, Zig (C̄ig , Ng ) so the distribution of Z ig |(C̄ig , Ng ) is likewise known. It
follows that Q, Q0 and Q1 are known functions of (C̄ig , Ng ). Since Ng is observed, knowledge of
C̄ig is thus sufficient to identify the quantities

E(θig ), E(ψ ig − θig |Cig = 1), E(ψ ig |Cig = 1), E(θig |Cig = 0)
by the relevant parts of Theorem 2. Now, by iterated expectations,

E(θig |Cig = 1) = E(θig |Cig = 0) +

1
[E(θ ig ) − E(θ ig |Cig = 0)] .
E(Cig )

|=

Since E(Cig ) = E(Dig |Zig = 1), it follows that E(θ ig |Cig = 1) is identified. Under IOR and
one-sided non-compliance {Dig = 1} = {Cig = 1, Zig = 1}, and applying Weak Union and Decomposition to Lemma A.2, we see that Zig Big |Cig . Thus,

E(Big |Dig = 1) = E(Big |Cig = 1, Zig = 1) = E(Big |Cig = 1).
¯ = f (d)
¯ 0 θ ig + df (d)
¯ 0 (ψ − θ ig ) under Assumption 3.
The result follows since Yig (d, d)
ig
b and ρg ≡ Ng /E(Ng ),
Proof of Theorem 4. Substituting the model into the definition of ϑ

b −ϑ=
ϑ

Ng
G X
X

−1 
b ig X 0 
Z
ig

g=1 i=1

Ng
G X
X




b ig Uig 
Z

g=1 i=1

−1 

G
G
G
G
X
X
X
X
1
1
1
 1

Ag +
R(1)
Pg +
R(2)
=
g
g
G
G
G
G


g=1

g=1

g=1

g=1

where we define
Ag ≡

Ng
1 X b
ρg Z ig X 0ig
Ng

R(1)
g ≡

1 X b
0
ρg Z ig Uig
Ng

R(2)
g ≡

i=1
Ng

Pg ≡

i=1
Ng

i=1

By assumption, both ||

(1)
g=1 Rg ||

PG

and ||

Ng
1 X
b ig − Z ig )X 0
ρg (Z
ig
Ng

1 X
b ig − Z ig )Uig .
ρg (Z
Ng
i=1

(2)
g=1 Rg ||

PG

are oP (G) and thus

−1 

G
G
X
X
1
1
b −ϑ=
ϑ
Ag + oP (1) 
Pg + oP (1)
G
G


g=1

g=1
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Now, since we observe a random sample of groups and Ag is a group-level random variable




Ng
G
X
X



1
1
E
Ag  = E(Ag ) = E 
E ρg Z ig X0ig |Ng  = E E ρg Z ig X0ig |Ng = E(ρg Z ig X0ig )
G
Ng
g=1

i=1

where the second equality uses iterated expectations and linearity, the third uses the assumption of
identical distribution within groups, and the the fourth uses iterated expectations a second time.
(j,k)
Now consider an arbitrary entry Ag
of the matrix Ag and let k·kF denote the Frobenius norm.
By the triangle and Cauchy-Schwarz inequalities, and using the assumption of identical distribution
with group, we have


2
Ng
G


X
X


1
1
1
1
 = 1 Var A(j,k)
Var 
A(j,k)
≤ E ||Ag ||2F = E  2
ρg Z ig X0ig 
g
g
G
G
G
G
Ng
g=1
i=1
F


2 
Ng
X
1
1
ρg Z ig X0ig F  
≤ E 2 
G
Ng
i=1



X
1
1
= E 2E
ρg Z ig X0ig F ρg Z jg X0jg F Ng 
G
Ng
i,j≤Ng



X
1
1
2
≤ E 2E
ρg Z ig X0ig F Ng 
G
Ng
i,j≤Ng
i
i
1 h 
1 h
2
2
= E E ρg Z ig X0ig F Ng = E ρ2g Z ig X0ig F → 0
G
G


2
2
0
since all finite-dimensional norms are equivalent and E ρg Z ig Xig
= o(G). Hence, by the L2
F
P
0
weak law of large numbers G−1 G
g=1 Ag →p E(ρg Z ig Xig ) = I. An analogous argument shows that
P
G
G−1 g=1 Pg →p E(ρg Z ig Uig ) = 0. The result follows by the continuous mapping theorem.


Proof of Theorem 5. Continuing the argument from the proof of Theorem 4, we have


G
G
X
X
√
1
b − ϑ) = [I + oP (1)]−1  √1
.
G(ϑ
Pg + √
R(2)
g
G g=1
G g=1
By assumption, ||

(2)
g=1 Rg ||

PG

= oP (G1/2 ), and hence

√

b − ϑ) =
G(ϑ

√1
√G

PG

g=1 Pg

+ oP (1). Thus,

it suffices to apply the Lindeberg-Feller √
central limit theorem to Pg / G. Because we observe a
PG
random sample of groups, Var( g=1 Pg / G) = Var(Pg ) which by assumption converges to Σ. All
that remains is to verify the Lindeberg condition, namely
h
n
√ oi
E ||Pg ||2 1 ||Pg || > ε G → 0


2+δ → 0 for some δ > 0.
for any ε > 0. A sufficient condition for this to hold is G−δ/2 E ||P
g ||
h
i


By an argument similar to that used to establish E ||Ag ||2F ≤ E ρ2g ||Z ig X0ig ||2F in the proof of
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Theorem 4, we likewise have
h
i
h
i
0 2+δ
G−δ/2 E ||Pg ||2+δ ≤ G−δ/2 E ρ2+δ
||Z
X
||
= o(1)
ig ig
g
so the result follows.
Lemma A.3. Let Z̄g ≡

PNg

j=1 Zjg /Ng .

Under the conditions of Lemma 4,

P(Z̄g < s/2) ≤ exp −ns2 /2 .


Proof of Lemma A.3. Conditional on (Ng = n, Sg = s), the treatment offers (Z1 , . . . , ZNg ) are a
collection of n iid Bernoulli(s) random variables by Assumption 2. Hence, by Hoeffding’s inequality



P Z̄g < s/2|Ng = n, Sg = s ≤ exp −2n(s − s/2)2 ≤ exp −ns2 /2
where the second inequality follows since s ≤ s. Thus,
X

P(Z̄g ≤ s/2|Ng = n, Sg = s)P(Ng = n, Sg = s) ≤ exp −2ns2 /4
P(Z̄g < s/2) =
n,s

by the law of total probability. The result follows since P(Z̄g < s/2) ≤ P(Zg ≤ s/2).
PNg
PNg
b
Lemma A.4. Let C̄g =
j=1 Cjg /Ng and Cg ≡
j=1 Djg /(Ng Z̄g ), where Z̄g is as defined in
Lemma A.3. Under the conditions of Lemma 4 and for any t > 0,



P Cbg − C̄g ≥ t Z̄g ≥ s/2 ≤ 2 exp −ns2 t2 /2 .

Proof of Lemma A.4. Let A ≡ Cg = c, Ng = n, C̄g = c̄, Ng Z̄g = m, Sg = s where m > 0.
Suppose first that c̄ 6= 0. In this case




n


X
X
c
Z
1
j jg
∗
P Cbg − C̄g > t A = P 
− c̄ > t A = P 
Zjg
− c̄ > t A
m
nc̄
j=1

j∈C

∗ ≡ nc̄Z /m. Given A, the {Z }
where C ≡ {j : cj = 1} and Zjg
jg
jg j∈C are a sequence of nc̄ draws
made without replacement from a population of m ones and (n − m) zeros. Thus
∗
E(Zjg
)=

nc̄ m
nc̄
P(Zjg = 1|A) = · = c̄.
m
m n

∗ is bounded between 0 and nc̄/m. While these random
Moreover, since Zjg ∈ {0, 1}, each of the Zjg
variables are nidentically
distributed, they are not independent—like the Zjg from which they are
o

constructed,

∗
Zjg

j∈C

are draws made without replacement from a finite population. Under this

form of dependence, however, Hoeffding’s Inequality continues to apply (Hoeffding, 1963, p. 28)
and hence



 m 2 


−2t2 m2
b
≤ 2 exp −2n
t2
P Cg − C̄g > t A ≤ 2 exp
nc̄
n
where the second inequality follows because 0 < c̄ ≤ 1. If c̄ = 0, we have



 m 2 
P Cbg − C̄g > t A = P(|0 − 0| > t|A) = 0 ≤ 2 exp −2n
t2
n
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so this inequality holds for any c̄. Applying the law of total probability as in the proof of Lemma A.3,
we see that



 m 2 
b
t2
P Cg − C̄g > t Ng = n, Ng Z̄g = m ≤ 2 exp −2n
n
and thus


P Cbg − C̄g ≥ t Z̄g ≥ s/2 =

P

X
{(m,n) :




bg − C̄g > t Ng = n, Ng Z̄g = m
C

}

m
≥s/2
n

× P(Ng Z̄g = m, Ng = n|Z̄g ≥ s/2)

 m 2 
X
≤
t2 P(Ng Z̄g = m, Ng = n|Z̄g ≥ s/2)
2 exp −2n
n
≥s/2}
{(m,n) : m
n
X

≤
2 exp −ns2 t2 /2 P(Ng Z̄g = m, Ng = n|Z̄g ≥ s/2)
≥s/2}
{(m,n) : m
n

= exp −ns2 t2 /2
by a second application of the law of total probability, since n ≤ Ng .
Lemma A.5. Suppose that sn > 2. Then, under the conditions of Lemma 4,



b
P max Cig − C̄ig > t Z̄g ≥ s/2 ≤ 2 exp −ns2 h(sn, t)2 /2
1≤i≤Ng

where we define

h(x, t) ≡

x−2
x

"

2



t− 1−

x−2
x

2 #

4
.
x−2

Proof of Lemma A.5. If Z̄g > s/2 > 1/n, then Ng Z̄g − Zig > 0 and Ng Z̄g > 0. Hence,


bg − Dig
N
Z̄
D̄
N
Z̄
C
Dig
N
D̄
−
D
g
g
ig
g
g
g
g
ig
big ≡
bg −
C
=
=
C
.
=
Ng Z̄g − Zig
Ng Z̄g − Zig
Ng Z̄g − Zig
Ng Z̄g − Zig
Z̄ig
Similar manipulations give

C̄ig =
from which it follows that

b
Cig − C̄ig ≤

Ng Z̄g
Ng Z̄g − Zig

Ng
Ng − 1




bg −
C


C̄g −

Ng
Ng − 1

Cig
Ng − 1


C̄g +

Cig
Dig
−
Ng − 1 Ng Z̄g − Zig

by the triangle inequality. Using the fact that Zig , Dig , and Cig are binary along with n ≤ Ng and
Z̄g > s/2 > 1/n, tedious but straightforward algebra allows us to bound the right-hand side of the
preceding inequality from above, yielding
"
#

2
2
sn
4
sn
big − C̄ig ≤
bg − C̄g +
C
+1
.
C
sn − 2
sn − 2
sn − 2
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big − C̄ig | does not depend on i, it follows that
Since this upper bound for |C
#
"

2
2
sn
4
sn
big − C̄ig ≤
bg − C̄g +
max C
+1
C
1≤i≤Ng
sn − 2
sn − 2
sn − 2
provided that Z̄g > s/2 > 1/n. In other words, so long as sn > 2 we have


n
o


big − C̄ig > t ⊆ Z̄g > s/2 ∩ C
bg − C̄g > h(sn, t) .
Z̄g ≥ s/2 ∩ max C
1≤i≤Ng

Therefore, by the monotonicity of probability




P max Cbig − C̄ig > t Z̄g ≥ s/2 ≤ P Cbg − C̄g > h(sn, t) Z̄g ≥ s/2
1≤i≤Ng

and the result follows by Lemma A.4.
Proof of Lemma 4. By the law of total probability, Lemma A.4, and Lemma A.5




P max Cbig − C̄ig > t ≤ P max Cbig − C̄ig > t Z̄g ≥ s/2 + P(Z̄g < s/2)
1≤i≤Ng
1≤i≤Ng


≤ 2 exp −ns2 h(sn, t)2 /2 + exp −ns2 /2
where h(·, ·) is as defined in Lemma A.5. Expanding and simplifying, we see that


sn − 2
sn

4

16t
≡ h∗ (sn, t).
sn − 2


big − C̄ig > t since both C
big and C̄ig are between
Now, for any t ≥ 1 we have P max1≤i≤Ng C
∗
zero and one. Since h (sn, t) < 1 for any t < 1, it follows that




b
P max Cig − C̄ig > t ≤ 2 exp −ns2 h(sn, t)2 /2 + exp −ns2 /2
1≤i≤Ng


≤ 2 exp −ns2 h∗ (sn, t)/2 + exp −ns2 /2

≤ 3 exp −ns2 h∗ (sn, t)/2
2

h(sn, t) ≥

t2 −

Applying the union bound we obtain

P


max

max

1≤g≤G 1≤i≤Ng

big − C̄ig
C



G 
[

>t =P
max

1≤i≤Ng

g=1

≤

G
X
g=1

≤

G
X

P


max

1≤i≤Ng

big − C̄ig
C


b
Cig − C̄ig > t


3 exp −ns2 h∗ (sn, t)/2

g=1


= 3G exp −ns2 h∗ (sn, t)/2
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>t 

and accordingly we have




b − C̄ig
 max max C

 1≤g≤G 1≤i≤Ng ig


s
P
> M



log G
n
s
"
#)
(

sn − 2 4 log G 2
16
log G
−ns2
M −
M
≤ 3G exp
2
sn
n
sn − 2
n
s
(
"
#)

−ns2
sn − 2 4 log G 2
16
log G
= 3 exp log G −
M −
M
2
sn
n
sn − 2
n
"
(
#!)
r

sn − 2 4 1 2
16
1
−ns2
M −
= 3 exp log G 1 −
M
2
sn
n
sn − 2 n log G
!)
(
r


8ns2
1
s2 sn − 2 4 2
M +
M
≡ 3 exp{log G κ(n, G, M )}.
= 3 exp log G 1 −
2
sn
sn − 2 n log G
2
2
For fixed M , the expression κ(n, G,
√ M ) converges to 1 − s M /2 as (n, G) → ∞. The limiting value
of κ(n, G, M ) is negative if M > 2/s, and hence the bound 3 exp{log G κ(n, G, M )} can be made
arbitrarily small by choosing sufficiently large values of (n, G, M ).

Proof of Theorem 6. We provide the argument for condition (vii) of Theorem 4 and (iii) of
Theorem 5 only. For (vi) from Theorem 4, simply replace Uig with X ig in the following derivations.
By (20) and the triangle inequality


Ng
Ng
G
G
X
X
X
X
1
1
b ig − Z ig )Uig ≤ ∆G 
ρg (Z
||ρg W ig Uig ||
(A.11)
Ng
Ng
g=1

g=1

i=1

i=1

where we define the shorthand

∆G ≡ max

max

1≤i≤Ng

1≤g≤G

big , Ng )+ − R(C̄ig , Ng )−1
R(C


.

Consider the second factor on the RHS of (A.11). By an argument similar to that used in the proof
of Theorem 4,


Ng
G
X
X
1
 1
||ρg W ig Uig || →p E [||ρW ig Uig ||] < ∞
G
Ng
g=1

so that

PG

1
g=1 Ng

PNg

i=1

i=1 ||ρg W ig Uig ||

= OP (G). Now, define the event b
1G as

b
1G ≡ 1




min

1≤g≤G


big
min C

1≤i≤Ng

c̄L
≥
2


.

big ≥ c̄L /2 it follows that R(C
big , Ng )
By assumption R(C̄ig , Nig ) is invertible, and conditional on C
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is likewise invertible. Hence, if b
1G = 1 we can write
h
i
big , Ng )−1 R(C
big , Ng ) − R(C̄ig , Ng ) R(C̄ig , Ng )−1
big , Ng )−1 − R(C̄ig , Ng )−1 = R(C
R(C
big , Ng )−1
≤ R(C

big , Ng ) − R(C̄ig , Ng )
R(C

R(C̄ig , Ng )−1 .

Let ||M||2 denote the spectral norm of a matrix M, i.e. its largest singular value. Since R(C̄ig , Ng )
is square, symmetric, and positive definite we have ||R(C̄ig , Ng )−1 ||2 ≤ 1/σ < ∞. Similarly, if
big , Ng )−1 ||2 ≤ 1/σ < ∞. Because all finite-dimensional norms are equivalent, it
b
1G = 1, then ||R(C
follows that






big − C̄ig + O(n−1/2 )
big , Ng ) − R(C̄ig , Ng )
b
≤ K max
max C
1G ∆G ≤ K max
max R(C
1≤g≤G

1≤g≤G

1≤i≤Ng

1≤i≤Ng

where 0 < K
a generic, unspecified constant. Applying Lemma 4 we see that
p< ∞ denotes

b
1G ∆G = OP
log G/n as (n, G) → ∞. Thus, by (A.11),

b
1G

Ng
G
X
1 X
b ig − Z ig )Uig = OP
ρg (Z
Ng
g=1

i=1

s

log G
n

!
OP (G).

(A.12)

If log G/n → 0 as (n, G) → ∞, then the rate on the RHS of (A.12) becomes oP (G). If G log G/n →
0, it becomes oP (G1/2 ). Finally, since c̄L ≤ C̄ig , it follows that





c̄L
b
b
P 1G 6= 1 ≤ P max max Cig − C̄ig ≥
1≤g≤G 1≤i≤Ng
2
Hence, applying Lemma 4, log G/n → 0 implies b
1G →p 1. The result follows.
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B

Additional Tables and Figures
Age

0.004
(0.002)

Cohabits

-0.02
(0.010)

Has at least one child

-0.13
(0.032)

Youngest child: 12+ months

0.12
(0.027)

Education: less than Bac+2 years

-0.03
(0.012)

Employed at baseline

-0.09
(0.019)

Not employed at baseline

0.03
(0.015)

Permanent contract at baseline

-0.14
(0.017)

Fixed term contract at baseline

-0.06
(0.015)

Duration of contract at baseline: 7-12 months

-0.04
(0.018)

Duration of contract at baseline: 13+ months

-0.12
(0.028)

Receives unemployment insurance at baseline

0.04
(0.009)

Mean compliance
Observations
R2

0.35
11,976
0.055

Table B.1: Predictors of compliance: linear probability model. OLS estimates of compliance indicators on baseline covariates, estimated on the subsample of participants assigned to
treatment. Standard errors clustered at the city level. The following variables are included in
the regression but are not reported and are not statistically significant: sex; number of children;
youngest child 0-4 months, 4-8 months, 8-12 months; unemployment duration at baseline; did not
provide employment status at baseline; unemployment duration in the last 18 months; temporary
contract at baseline; 1-3 month contract at baseline; 3-6 month contract at baseline; average city
unemployment rate.
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Figure B.1: Distribution of the estimates of the spillover terms, (γ, γ n , γ c , δ c ), over 5000 simulations for our IV and the ‘naive’ IV (where available) for simulations with 150 groups.
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Figure B.2: Distribution of the estimates of the spillover terms, (γ, γ n , γ c , δ c ), over 5000 simulations for our IV and the ‘naive’ IV (where available) for simulations with 500 groups.
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C

Implementation Details for the Linear Model

This appendix provides step-by-step instructions for implementing our estimators from section 4 in the linear potential outcomes model (5). For simplicity we assume here that the
experiment does not include a zero percent saturation; Appendix D explains the minor
modifications needed to accommodate this case. The linear outcome model is given by
Yig = αig + βig Dig + γig D̄ig + δig Dig D̄ig .
In the notation of Assumption 3, this corresponds to using the basis functions f (x) = (1, x)0
with θ ig = (αig , γig ), and ψ ig = (αig + βig , γig + δig ). We identify direct and indirect effects
for compliers (Dig = Cig = 1), aka “the treated,” along with indirect effects for never-takers
(Dig = Cig = 0), aka “the untreated,” and the population as a whole. Specializing Theorem 2
to the linear model, our estimands are:
 
  c
βig
β
Direct, Compliers: E[ψ ig − θ ig |Cig = 1] = E
Dig = 1 ≡ c
δig
δ

  c


α + βc
αig + βig
Dig = 1 ≡ c
Indirect, Compliers: E[ψ ig |Cig = 1] = E
γ + δc
γig + δig
  n
 
α
αig
Dig = 0 ≡ n
Indirect, Never-takers E[θ ig |Cig = 0] = E
γ
γig
   
α
α
Indirect, Population: E[θ ig ] = E ig ≡
.
γig
γ
Step 1: Let Vg ≡ (1 − Sg ). Using knowledge of the experimental design, calculate:
s ≡ E[Sg ], v ≡ E[Vg ], sv ≡ E[Sg Vg ], s2 v ≡ E[Sg2 Vg ], sv 2 ≡ E[Sg Vg2 ], s2 ≡ E[Sg2 ], s3 ≡ E[Sg3 ].
big ≡ D̄ig /Z̄ig where D̄ig ≡ P Djg /(Ng −1), Z̄ig ≡ P Zjg /(Ng −1).
Step 2: Calculate C
j6=i
j6=i
b 0,ig and Q
b 1,ig as follows
Step 3: Construct the matrices Q
"
#
"
big
big s2
v
sv C
s
C
b 0,ig =
b
Q
,
Q
=
b
1,ig
big s2 v C
b2 + sv 2 Cig
big s3 C
b 2 + s2 v
sv C
s2 C
ig
ig
Ng −1

#
big
C
Ng −1

.

Step 4: To estimate (α, γ) along with (β c , δ c ), run a just-identified instrumental variables
b ig given by
regression of Yig on a constant, Dig , D̄ig , and Dig D̄ig with instruments Z


b −1
Q
0,ig

b −1
−Q
0,ig



b ig ≡ 

Z
b −1 Q
b −1 + Q
b −1
−Q
0,ig
0,ig
1,ig



  
1
1
⊗
.
Zig
D̄ig

The coefficients on the intercept and D̄ig are (b
α, γ
b); those on Dig and Dig D̄ig are (βb1 , δb1 ).
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Step 5: To estimate (αc +β c , γ c +δ c ), run a just-identified instrumental variables regression
b ig given by
of Yig on an intercept and D̄ig with instruments Z
 
1
−1
b
b
.
Z ig ≡ Dig Q1,g
D̄ig
Step 6: To estimate (αn , γ n ), run a just-identified instrumental variables regression of Yig
b ig given by
on an intercept and D̄ig with instruments Z
 
1
−1
b
b
Z ig ≡ Zig (1 − Dig )Q1,g
.
D̄ig
Inference: Inference to accompany the estimates from Steps 4–6 is straightforward: simply
report the standard errors provided by your preferred IV package, clustering by group if desired. To carry out inference for (αc , γ c ), proceed as follows: First estimate these parameters
by subtracting the estimates of (β c , δ c ) constructed in Step 4 from those of (αc + β c , γ c + δ c )
constructed in Step 5. Save the residuals from Steps 4 and 5 and use them to construct
the joint variance-covariance matrix of (αc , γ c ) and (αc + β c , γ c + δ c ), call it Σ. The desired
standard errors are the square roots of the diagonal elements of AΣA0 where A is a matrix
whose elements encode the linear combination that corresponds to subtracting the Step 4
estimates from the Step 5 estimates.

D

Experiments with a 0% Saturation

Some randomized saturation designs, including the experiment of Crépon et al. (2013),
include a zero percent saturation, also known as a “pure control” condition. Under onesided non-compliance Sg = 0 implies Zig = Dig = D̄ig = 0 for all 1 ≤ i ≤ Ng . Accordingly,
big from (17) for groups assigned a saturation
we cannot estimate the share of compliers C
of zero. The easiest solution to this problem is simply to drop observations for any zero
saturation groups. Under Assumptions 1–2 and 6 this has no effect on our identification or
large-sample results provided that we replace Q, Q0 and Q1 with expectations that condition
on Sg > 0, namely


e n) ≡ E Wig W0 |C̄ig = c̄, Ng = n, Sg > 0
Q(c̄,
ig


e 0 (c̄, n) ≡ E (1 − Zig )f (D̄ig )f (D̄ig )0 |C̄ig = c̄, Ng = n, Sg > 0
Q


e 1 (c̄, n) ≡ E Zig f (D̄ig )f (D̄ig )0 |C̄ig = c̄, Ng = n, Sg > 0
Q
Zero percent saturation groups, however, are informative: they pin down the value of
E[Yig (0, 0)] and hence can be used to improve estimates of E [θig ]. To exploit this information, we replace the instrument vectors from parts (i) and (iv) of Theorem 2 with




−1
−1
e
e
W
0
1
{S
>
0}
Q(
C̄
,
N
)
W
1
{S
>
0}
Q
(
C̄
,
N
)
f
(
D̄
)
g
ig
g
ig
g
0
ig
g
ig
e ≡
e ≡
Z
,
Z
ig
ig
1 {Sg = 0}
1 {Sg = 0}
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Calculations similar to those in the proof of Theorem 2 establish that these are valid and
e W and Z
e 0 exceed those of the parameters
relevant instruments. Because the dimensions of Z
ig
ig
for which they instrument by one, they provide over-identifying information. As such, the
just-identified IV moment condition from parts (i) and (iv) of Theorem 2 must be replaced
with a linear GMM moment equation. Subject to this small change, estimation and inference
e and Q
e0
big for C̄ig in Q
can proceed almost exactly as in section 4: we merely substitute C
to yield a feasible GMM estimator, e.g. two-stage least squares. With minor notational
modifications, our large-sample results continue to apply.

E

Extending the Definition of Q

Technically, the conditional expectations in (8)–(10) are only well-defined when nc̄ is a
positive integer, whereas Assumption 8 requires the functions Q, Q0 , and Q1 to be defined
over a continuous range of values for c̄. This problem is easily solved by extending the
definitions of Q0 and Q1 . In many cases, the natural extension will be obvious. In the linear
potential outcomes model, for example, (15) and (16) agree with (9) and (10) when these
conditional expectations are well-defined and satisfy all the conditions of Assumption 8
More generally, we can always construct extended definitions of Q0 and Q1 to satisfy
these regularity conditions. Here we provide a construction based on linear interpolation.
To begin, let
d(n − 1)c̄e
b(n − 1)c̄c
, c̄u (c̄, n) ≡
.
c̄` (c̄, n) ≡
n−1
n−1
By construction, (n − 1)c̄u (c̄, n) and (n − 1)c̄` (c̄, n) are non-negative integers. Now let


Q`z (c̄, n) ≡ E 1(Zig = z)f (D̄ig )f (D̄ig )0 C̄ig = c̄` (c̄, n), Ng = n


Quz (c̄, n) ≡ E 1(Zig = z)f (D̄ig )f (D̄ig )0 C̄ig = c̄u (c̄, n), Ng = n
for z = 0, 1. Notice that Q`0 , Q`1 and Qu0 , Qu1 are well-defined regardless of whether (n − 1)c̄
is an integer. From these ingredients, we construct generalizations Q∗0 and Q∗1 of Q0 , Q1 as
Q∗z (c̄, n) = [1 − ω(c̄, n)] Q`z (c̄, n) + ω(c̄, n)Quz (c̄, n);

ω(c̄, n) ≡

c̄ − c̄` (c̄, n)
∈ [0, 1]
c̄u (c̄, n) − c̄` (c̄, n)

for z = 0, 1. Since both Q`z and Quz are symmetric and positive definite, their convex
combination Q∗z is as well. To show that this construction satisfies Assumption 8 (iii), define
0
Q∞
0 (c̄) ≡ E [(1 − Sg )f (c̄Sg )f (c̄Sg ) ] ,

0
Q∞
1 (c̄) ≡ E [Sg f (c̄Sg )f (c̄Sg ) ] .

(E.1)

Recall that 0 ≤ Sg ≤ 1 a discrete random variable with finite support, c̄ is a real number
between zero and one, and f is a K-vector of Lipschitz-continuous functions, all of which are
∞
bounded on [0, 1]. It follows that both Q∞
0 and Q1 are bounded and Lipschitz-continuous
on [0, 1]. Accordingly, by Lemma 1, Jensen’s inequality, and the triangle inequality we can
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show that
Q`z (c̄, n) − Q∞
z (c̄` (c̄, n)) ≤ √

L
,
n−1

kQuz (c̄, n) − Q∞
z (c̄u (c̄, n))k ≤ √

L
n−1

where L denotes an arbitrary, finite, positive constant. Similarly,
∞
kQ∞
z (c̄) − Qz (c̄` (c̄, n))k ≤

L
,
n−1

∞
kQ∞
z (c̄) − Qz (c̄u (c̄, n))k ≤

L
.
n−1

Combining these inequalities an applying the triangle inequality, it follows that
Quz (c̄, n) − Q`z (c̄, n) ≤ √

L
,
n−1

kQuz (c̄, n) − Q∞
z (c̄)k ≤ √

L
n−1

and as a consequence
L
n−1
where, again, L is an arbitrary, finite, positive constant. Thus,
Q`z (c̄, n) − Q∞
z (c̄) ≤ √

∗
`
`
∞
kQ∗z (c̄, n) − Q∞
z (c̄)k ≤ Qz (c̄, n) − Qz (c̄, n) + Qz (c̄, n) − Qz (c̄)
L
≤ Q∗z (c̄, n) − Q`z (c̄, n) + √
n−1
L
= ω(c̄, n) Quz (c̄, n) − Q`z (c̄, n) + √
n−1
L
≤√
n−1

(E.2)

using the definitions of Q∗z and ω(c̄, n) from above. Combining the preceding inequalities,


1
∗ b
∗
b
Qz (Cig , Ng ) − Qz (C̄ig , Ng ) ≤ L √
+ Cig − C̄ig
n−1
since n ≤ Ng and Q∞
z is Lipschitz-continuous.

F

Include Fewer Basis Functions than Saturations

Assumption 7 requires Qz (c̄, n) to be full rank. This condition is crucial for point identifying
the coefficients of interest in Theorem 3. In this section we show that, for large group
sizes, the number of saturations in the experimental design constrains the rank of Qz (c̄, n).
To ensure point identification in the large-group limit, researchers should not include more
basis functions than there are saturations in the design. The following discussion relies
on notation and results from Appendix E above, in particular the “extended” definition of
Qz (c̄, n), namely Q∗z (c̄, n), and its large-group limit Q∞
z (c̄).
At any (c̄, n) where Qz (c̄, n) is well-defined, Qz (c̄, n) = Q∗z (c̄, n). And by (E.2), Q∗z (c̄, n)
is arbitrarily close to Q∞
z (c̄) for large n. For this reason, we begin by considering the rank
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of Q∞
z (c̄). If the number of saturations |S| in the experimental design is finite, then
X
Q∞
sz (1 − s)1−z f (c̄s)f (c̄s)0 P(Sg = s).
z (c̄) =
s∈S

Because the right-hand side of this expression is a sum of |S| rank one matrices, the rank
∞
of Q∞
z (c̄) cannot exceed |S|. It follows that Qz (c̄) will be rank deficient when |S| is less
than K, the number of basis functions and dimension of f .34 If Q∞
z is rank deficient, it
must have at least one eigenvalue equal to zero. And because the eigenvalues of a matrix
are a continuous function of its entries (Horn and Johnson, 2013, Theorem D.2), it follows
from (E.2) that at least one eigenvalue of Q∗ (c̄, n) can be made arbitrarily close to zero
by increasing n. Hence, to ensure point identification in the large-group limit, researchers
should include fewer basis functions that the experimental design has saturations. All else
equal, experiments with more saturations can identify more flexible outcome models.

G

Testable Implications of IOR

Under one-sided non-compliance and IOR, Assumptions 4–5, Dig = Cig Zig where Cig is the
indicator that person (i, g) is a complier. Under IOR, Cig can be treated as an unobserved
individual characteristic that is predetermined at the time of randomization. Thus, Sg and
Zig are jointly independent of Cig under the randomized saturation design. If we assume that
the randomization was carried out faithfully, this provides a testable implication of IOR:

E[Dig |Zig = 1, Sg ] = E[Cig Zig |Zig = 1, Sg ] = E[Cig |Zig = 1, Sg ] = E[Cig ].
Thus, if E[Dig |Zig , Sg = s] varies with s, we must either conclude that IOR fails, that the
saturations were not in fact randomly assigned, or both. This observation yields a simple
regression-based test of IOR. Suppose that the experimental design features J saturations
{s1 , s2 , . . . , sJ }, excluding the zero percent saturation, if present. For the subset of individuals
with Zig = 1, run the regression
Dig = α +

J−1
X

βj 1{Sg = sj } + εig ,

(i, g) such that Zig = 1.

j=1

The coefficient α equals the take-up rate among offered individuals in groups with Sg = sJ .
The coefficients βj equal the difference in take-up rates for offered individuals in groups with
Sg = sj relative to those with Sg = sJ . Under IOR, the hypothesis H0 : β1 = β2 = · · · =
βJ−1 = 0 must hold. Before applying the methods developed in this paper, we recommend
that applied researchers test this linear restriction, ideally using a cluster-robust variance
matrix. If IOR is a priori reasonable in their application and the test does not reject, they
can proceed with relative confidence to apply our estimators.
Applying this test to the data from Crépon et al. (2013) that we use in our empirical
example gives a p-value of 0.62, clustering by city. This bolsters our confidence that IOR is
34

It will also be rank deficient when |S| ≥ K if the basis functions are linearly dependent.
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Estimated average share of compliers

a reasonable assumption in this application. An alternative way of viewing this procedure
is as a test of whether the share of compliers is constant across saturations. This follows
because, under IOR, the take-up rate among offered individuals is an unbiased estimate of
the share of compliers. Figure G.1 depicts this alternative interpretation of the test. We
find no evidence against IOR in our empirical example.

0.25

0.50

0.75

1.00

Saturation
Figure G.1: Regression-based test of IOR. The estimated share of compliers is given by the dot
and its 95% confidence interval is given by the bars for each of our four saturation bins. The
horizontal dotted line gives the estimated share of compliers across the whole sample.

H

Extension to Completely Randomized Designs
|=

Our main identification result, Theorem 2 does not require Assumption 2. It only requires
Assumptions 3–5 and 7 along with (Zig , D̄ig ) (Big , Cig )|(C̄ig , Ng ). In the body of the paper,
we establish this conditional independence relationship by appealing to Theorem 1 which does
require Assumption 2. In this appendix, we provide an alternative proof of Theorem 1 that
applies in a completely randomized experimental design, in which the number of treatment
offers made to a given group is fixed conditional on the realization of Sg . In this case
Assumption 2 is replaced by the following condition.
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Assumption 9 (Completely Randomized Design).
 
−1
P
n

, if
i zi = bnsc
P(Z g = z|Ng = n, Sg = s) =
bnsc

0,
otherwise
where bxc denotes the greatest integer less than x.
Under a Bernoulli Design, treatment offers within a group are iid Bernoulli draws: the
saturation determines only the probability of making an offer, not the fraction of offers
made. Under a completely randomized design, on the other hand, the number of treatment
offers is fixed at bnsc given the assigned saturation s and group size n. Offers are still
made at random–each individual has the same probability of treatment–but are no longer
independent: if Alice is offered treatment, this makes it less likely that Bob will be. When
Assumption 9 replaces Assumption 2, Lemma 1 is replaced by the following result.
Lemma H.1. Let c̄ be a value in [0, 1] such that (n − 1)c̄ is a non-negative integer. Under
Assumptions 1, 4–6 and 9, and conditional on (Ng = n, Sg = s, C g = c, C̄ig = c̄, Zig = z),
(n − 1)D̄ig follows a Hypergeometric (n − 1, (n − 1)c̄, bnsc − z) distribution.
|=

Proof of Lemma H.1. Applying Corollary A.1 and the Decomposition property to Assumption 6(ii) yields Z g (C g , C̄ig )|(Ng , Sg ). By the definition of conditional independence, it follows
that the distribution of Z g |(Ng , Sg , C g , C̄ig ) is the same as that of Z g |(Ng , Sg ):

P(Z g = z|Ng = n, Sg = s, C g , C̄ig ) = P(Z g = z|Ng = n, Sg = s).

(H.1)


Now, define the shorthand A ≡ Ng = n, Sg = s, C g = c, C̄ig = c̄ and let C(i) be the indices of
all non-zero components of c, excluding the ith component,
i.e. C(i) ≡ {j 6= i : ocj = 1}. By the
nP

definition of D̄ig , the event D̄ig = d is equivalent to
j6=i Cjg Zjg = d(Ng − 1) . Consequently,






X
X
P(D̄ig = d|A, Zig ) = P   Cjg Zjg  = d(n − 1) A, Zig  = P  
Zjg  = d(n − 1) A, Zig 
j6=i

j∈C(i)

where the first equality uses the fact that A implies Ng = n, and the second uses the fact that A
implies C g = c, so we know precisely which of the
P indicators Cjg equal zero and which equal one.
It remains to calculate the probability that j∈C(i) Zjg = d(n − 1) given A and Zig = z, under
Assumption 9. By the definition of C(i) this is simply the probability that exactly d(n − 1) of the
(n − 1)c̄ compliers (excluding person i) are offered treatment, conditional on A and the treatment
offer z made to person i. Now, under Assumption 9, we see that (H.1) implies
 

P
n −1

, if
i zi = bsnc
P(Z g = z|A) =
bnsc

0,
otherwise.
Hence, conditional on A, the allocation of treatment offers is equivalent to drawing bnsc balls
without replacement from an urn containing n balls in total. Conditioning on Zig is equivalent to
removing one ball in advance, leaving only n − 1 in the urn. Of the remaining balls (n − 1)c̄ are red,
corresponding to the compliers, and (n − 1)(1 − c̄) are white, corresponding to the never-takers.
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This follows
P from our definition of C̄ig , which excludes person (i, g). Conditional on A and Zig = z,
the sum j∈C(i) Zjg is simply the number of red balls that we draw from the urn. If z = 0, then
person (i, g) was not offered treatment so we make bnsc draws from the urn; if z = 1, then person
(i, g) was offered treatment,
so we make only bnsc − 1 draws from the urn. Hence, conditional on
P
(A, Zig = z), the sum j∈C(i) Zjg is a Hypergeometric(N, K, r) random variable with N = n − 1,
K = (n − 1)c̄, and r = bnsc − z draws. In other words,



(n − 1)c̄
(n − 1)(1 − c̄)
(n − 1)d bnsc − z − (n − 1)d


P(D̄ig = d|Ng = n, Sg = s, Cg = c, C̄ig = c̄, Zig = z) =
.
n−1
bnsc − z
Because the right hand side of this expression does not depend on c, we have shown that D̄ig is
conditionally independent of Cg given (Ng , C̄ig , Sg , Zig ), as required.

D̄ig

|=

Having established Lemma H.1, we now show how to adapt the proof of Theorem 1
so that it applies under Assumption 9. Inspection of the proof of Theorem 1 reveals that
Lemma 1 is used only once: to establish (A.5), namely
C −ig |(Ng , C̄ig , Sg , Zig ).

But this conditional independence relation also follows immediately from Lemma H.1. Therefore, Theorem 1 still holds when Assumption 2 is replaced by Assumption 9, and hence our
main identification result, Theorem 2 still holds when treatment offers are made according to
a completely randomized design. Note that under this design the matrices Q(c̄, n), Q0 (c̄, n)
and Q1 (c̄, n) from section 3 should be computed using Lemma H.1 rather than Lemma 1.

I

More Potential Applications of Our Methods

Below we describe five recent empirical studies that appear to satisfy the conditions required
to apply our methods. Each of these papers uses a randomized saturation design and features
some degree of non-compliance. For each paper, we describe the topic and headline result,
along with the study population and the definition of the groups/clusters. We then discuss
the extent to which the paper satisfies the conditions required to use our methods: (1)
one-sided non-compliance, (2) many large groups, (3) anonymous interactions, and (4) IOR.
Abebe et al. (2021) This experiment offered a job application workshop and transport
subsidy to job seekers in Addis Ababa, Ethiopia. The authors show that both the workshop
and subsidy improve labour market outcomes: the probability of having a formal job. They
use a randomized saturation design for the transport intervention to estimate spillover effects,
which are described in Section A.3 of the Online Appendix to the paper. Geographic clusters
are drawn from the list of Ethiopian Central Agency enumeration areas, which typically
consist of 150-200 housing units (see footnote 24) and “rarely exceed 300m in diameter” (see
appendix A.3). This study features one-sided non-compliance because only those offered the
transport subsidy can use it. Seventy-four clusters are offered the transport treatment (18
at 20%, 15 at 40%, 15 at 75%, 26 at 90%) and the overall sample size is 1274. The authors
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of this paper assume anonymous interactions in their analysis. IOR appears plausible given
the size of the clusters and the way in which treatment offers were made to individuals.
Baird et al. (2011) This experiment randomly offered unconditional (UCTs) or conditional cash transfers (CCTs) to schoolgirls in Malawi. The authors show that CCTs reduce
school drop-out and grades by more than UCTs, but UCTs reduce marriage and fertility
among school dropouts. While they do not make use of this variation in the published paper,
the experiment uses a randomized saturation design in each treatment arm, with saturations
of 0%, 33%, 66%, and 100% The sample contains 176 enumeration areas (88 control, 44
UCT, 44 CCT). An enumeration area (EA) consists of approximately 250 households (see
footnote 10). If compliance is defined as as actually receiving the CCT, this is one-sided.
Anonymous interactions seem plausible in this setting, as there are 250 households per EA
and that a large share of the sample is urban or peri-urban (29 are urban, 119 are within
16km of Zomba city, 28 are rural). It is unclear whether IOR holds in this setting but, as
described above, this can be tested.
Banerjee et al. (2012) This paper tests 4 interventions in 162 police stations in Rajasthan, India. Two of these interventions (police training and a freeze on transfers of police
staff) improved police effectiveness and public satisfaction. Other interventions had no effect, possibly because of a lack of robust implementation. Police training was assigned using
a randomized saturation design with saturations of 0%, 25%, 50%, 75%, or 100%. There
were 162 police stations in the sample, out of 711 in the state of Rajasthan, with an average
of 100 officers per station (70,767 officers in 711 stations). Non-compliance is one-sided since
only officers selected for training can receive it (88% of those offered training accepted.)
In their analysis, the authors assume that interactions are anonymous. It seems plausible
that the outcomes they study (measures of police effectiveness and public satisfaction) only
depend on the share of police treated, not their identity. IOR is somewhat dubious in this
application but, again, can be tested.
Bursztyn et al. (2021) This paper randomly incentivized Hong Kong university students
to join an anti-authoritarian protest. The authors found that “incentives to attend one
protest within a political movement increase subsequent protest attendance, but only when
a sufficient fraction of an individuals social network is also incentivized to attend the initial
protest.” The experiment contains 97 major-cohort cells within a university and the proportion treated in each cell was assigned via a randomized saturation design with saturations of
0%, 10%, 50%, and 75% and a total of 849 individuals in the sample. Non-compliance in this
setting is two-sided, since unincentivized students can still attend the protest. As we outline
in our conclusion, extending the methods from this paper to the two-sided non-compliance
setting should be relatively straightforward. The authors implicitly assume anonymous interactions by estimating their spillover regression using percent assigned to treatment. IOR
appears to hold in this experiment, based on the results presented in the paper (the authors
find no affect of saturation on year-1 protest attendance).
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Callen et al. (2019) In this experiment “a Sri Lankan bank used mobile Point-of-Service
(POS) terminals to collect deposits directly from households each week.” The key result is
that when offered a formal savings option, households work more to save more. The authors
are concerned that formal savings may crowd out informal savings, so they randomize the
intensity of treatment within existing informal savings groups (“seetus” or ROSCAs). They
find that, if anything, formal savings are a complement to informal savings. The experiment
features 84 informal savings groups. Of these 45 are controls, 13 have 20% treated, 13 have
40% treated, and 13 have 60% treated. The average size of a seetu is approximately 49;
the final sample contains 829 individuals. Non-compliance is one-sided: only people offered
the formal savings accounts could use them. The authors assume anonymous interactions
when they estimate their spillovers regression using percent assigned to treatment. It seems
likely that IOR holds in this experiment: the treatment offer is individual access to a formal
savings technology.

61

